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BBEAEHUE

VYBaxxaemrulil unrtartesb! Bl gepkuTe B pyKax cOOpPHHMK MaTepHa-
JIOB, IpeAHa3HAYEHHBIA JJIA MOATOTOBKU yUaIIUXCA JAEBATBHIX KJACCOB
K TIOCyJZapCTBeHHOH uToropour arrecranun — I['MA nmo maremaTuke.
B cOopHHuKe comepKaTcs OCHOBHbIe TeMBI IO ajareépe M reoMeTpHH.
Pa6GoTa co cOOpPHHKOM IIpeAnoJaraeT mIpeJBapUTeJIbHOE ITOBTOPEHHE
COOTBETCTBYIOIIIMX pa3lejIoB MaTeMaTHUKH, aaredOpbl U1 reoMeTpuu, U3y-
YyeHHBIX paHee B 5—8 KJjaccax, a TakyKe HN3y4eHHEe COOTBETCTBYIOLIHX
TeM JIEeBATOr0 KJjacca 0 yuyeOHMKaM ajreOpbl ¥ reoMeTpUH.

B cOoopuuke nmeerca 11 riaB, B KaXJ0i N3 KOTOPBIX M3JIOXKEHBI
OCHOBHbIE TeOpPeTHYEeCKHEe CBeJeHUA, IIpeJCTaBJeHbl 3aJa4Ml C pEeIIeHU-
AMH 110 OCHOBHBIM paszaesam I'MA. B KoHIle Ka)xXAoil rJiaBbl IpejJa-
rajoTcd 3aJauM C OTBeTaMM, pa30UThIie Ha [OBa ImojpasneJa: 0a3oBbie
3ajjauyd ¥ 3aJa4¥l IJIA CAMOCTOATeJIbHOro peiuneHusa. IIpeamonaraercs,
YTO B IIpoIlecce pelieHus 0a30BbIX 3ajJay YHUTATeNb, I'OTOBAIINIACA
Kk I'MA, akTUBU3UDPYeT CBOM TeOpeTHUYECKHe 3HAHHUSA [0 MaTepHuajly
COOTBETCTBYIOLIIEH IJIaBbl; B IIpollecce paboThl HaJ 3ajadaMM AJA CaAMO-
CTOATEJBbHOIO pellleHUs YUTAaTeNb IIOJIYYUT IpeAcTaBJIeHHE O (popMmare
1 coiep:KaTeJbHON JINMHUHU 3ajJad, 10 CBOEH CTPYKType COOTBETCTBYIO-
mux HemocpeacTBeHHO 'MA, 1 cMOXKeT IIpOBEepPUTh CBOM BO3MOXKHOCTH,
YPOBeHb 3HAHUUA M I'OTOBHOCTHL pemiaTh 3amauu 'MA.

/Henaem ycriexoB Bam, yBa)kaeMbIil ynTaTe)b, B IIOATOTOBKE U Cla-

ye TTHUA!



FMABA 1

HACNOBbLIE PYHKUNN

OCHOBHbIE TEOPETUYHECKWME CBEOEHWUA

Onpepnenenne ¢pyHkumn. Obnactb onpepeneHuna. O6nacTb 3HAYEHUN.
Mpaduk PpyHkummn. Cnocobbl 3apaHna PyHKUUN

Csounctea QyHKUUMN
JinHenHaa dyHkumna
DyHKUMA y=%
DpobHO-nnHenHaa $yHKkuma

KeagpatHbin TpéxuneH. KBaapatuyHaa QyHKUMK
CteneHHaa dyHKUMS C HaTypasibHbIM Mnokasatenem

dyHkuma y =x
3A0A4YN C PEWWEHNUAMU
BA3OBbIE 3A0AYN

SAOAYUN ONA CAMOCTOATESIbHOINO PELLEHUA



OCHOBHbIE TEOPETUHECKWE CBEOEHWA

Onpepnenexnne ¢yHkumu. O6nactb onpeneneHua.
OGnactb 3HaYeHu. Npaduk GpyHKUUMN.
CnocoObl 3apaHus PyHKUUM

ITycTs maHBI YMCJIOBOE MHOXKecTBO X M IIpaBMJIO f, KOTOPOE CTABUT
B COOTBETCTBUE Ka)XJOMY 3JIEMEHTY X U3 MHOKecTBa X OIIpeleJIEHHOe
4YUCJO Yy, TOTLA CYUTAIOT, YTO 3ajaHa Pymxuma y=f(x) ¢ o6aacTeio
onpenenennsa X (x € X). IlepeMeHHas Xx HasbIBAeTCA He3aBHCHMOM
nepeMeHHOM (MJM apryMeHTOM), IlepeMeHHad Y Ha3hIBaeTcAd 3aBHCH-
Moii mepemenHoi. O0jacTe ompenesieHnss GYHKIIUU IMIPUHATO 0003HA-
yate — D(f). MHOXecTBO Becex 3HaueHMi pyHKuuM y = f(x) HaswIBaerca
06JiacThi0 3HAYeHUM PyHKuMU u oGosnauaercs E (f).

I'padpurom pynxuun y=f(x), x € X Ha3pIBA€TCA MHOXXECTBO TOUEK
(x, y) xoopauuaTHoit maockoctTu XOY, rtakux uto x € X, y=f(x).

Y1061 3a1aTh QYHKIINIO, HYKHO YKa3aTh CIocod, ¢ IIoOMOIIbI0 KO-
TOPOTO JJIA KaXXJAOro 3HAUYEHUA apryMeHTa MOXKHO HAalTH COOTBETCTBY-
oiiee 3HayeHne pyHxknuu. CyinecTBYIOT pa3jNyHbIe CIIOCOOBLI 3agaHUA
¢dyuaxnuu. IlepeyncaiumM OCHOBHEIE CIIOCOOBI.

AHagutnueckoe 3amaHue QyHKIMM
B 3TOM ciayuae QYHKIIMIO 3aJal0T ¢ MOMOIIbIO Gopmyanl y = f(x),
rae f(x) npeacraBiasier co60il HEKOTOpPOE BHIPAXKEHUE C IepeMeHHOU X.

I'paduueckoe 3aganue pyHKIIMH

B aroM ciyuae Ha KOODAMHATHOM IIOCKOCTH 3aJalOT JHMHWIO, AJIA
BCEX TOYEK KOTOpPOil a6CIcca TOUKH IIPUHALICIKUAT 06JIaCTH ompeeseHUs
(QYHKIIMM, a OpAUHATA PaBHA COOTBETCTBYIOIIEMY 3HAUCHUIO (QYHKIIUH.
Tem caMbIM Ha 06JaCTH onpefeseHnd 3agaérca pyHkmusa y=fx), x € X.

TabauuHoe 3aganue (PyHKITHH
B aToMm ciayuyae mpuBOAUTCA TAOJUIlAa, B KOTOPOM YKAa3bIBAIOT 3HA-
yeHUA (GYHKIUHU AJsA UMEINIUXCA B TaOjMile 3HAUYEHUH apryMeHTa.



OcHOBHEIE TeopeTNUYeCKHne CBeIeHNsdA

CeoicTBa PyHKLUNA

YéTHple 1 HeUYEéTHhIe (PYHKIMH

dyuknua y = f(x) HassiBaeTcsa 4éTHOM, ecau e€ 06JacCTh OIpexesie-
HUS CHMMETPHUYHOE OTHOCHUTEJbHO O MHOKECTBO M BHINOJHAETCSA pa-
BeHCTBO f(—x)=f(x) ana moGoro x u3 obsacTu onpeaeseHUA QYHKIIUU.
I'papuk yeéTHOM PYHKIIMM CHMMETPHYEH OTHOCHTEJbHO OCHM OPAHHAT.

dyuxkuus y=f(x) HasbIBaeTcA HEYETHOH, ecau eé 06JacThb OI-
pefesleHUsT CHMMETPHUYHOEe OTHOCHTEeNbHO O MHOMECTBO M [JdA JIO-
6oro x u3 obJsiacTu ompejesieHUsA (QYHKIIUU BLITIOJHAETCA PaBEHCTBO
f(=x)=—f(x). T'paduk HeuéTHOI GPYHKUUU CUMMETPUUYEH OTHOCHUTEJILHO
Hayaja KOOPAHUHAT.

Ilepnognueckne PyHKIIUM

®yuxkuua y=f(x) Ha3LIBAETCA NMEPHOAUYECKOM, €CJIU CYIIEeCTBYET
OTJUYHOE OT HyJA yucao T, Takoe 4TO AJs JIOGOro x U3 06JaCTH OI-
peleneHus QYHKuuM cupaBeanauBo paBeHcTBO f(x+ T)=f(x)=f(x-T).
Yucao, kpatHoe T, Ha3pIBaeTCA IMEPUOAOM (PYHKIIMHU.

MonoTonHbIe (QYHKIIMH

dyukuusa y=f(x) HaswiBaeTCA Bo3pacramomeil (yOnIBaromieit) Ha
IIPDOMEKYTKe, ecJH Kakue Obl ABa 3HAUYEHUS aprymMeHTa, IpUHajJe-
JKaliyue 3TOMY IIPOMEXKYTKY, HH B3AThb, OKa)XeTCA, 4TO OojbluemMy
3HAYEHHUI0O apryMeHTa COOTBeTCTByeT OoJibiiiee (MeHbIllee) 3HAUYEHHE

GYHKIIUH.

JinHenHaa PyHKuunsa

dyuknua, sagaHHasa opmysoit y=kx+b, rae Bk u b — peiict-
BHUTEJIbHBIE YHCJIa, Ha3bIBaeTCcA JuHeHHOM (pyHKuUHer. Ecou, B yacrt-
HocTH, k=0, TO mosy4yaeM mMoCTOAHHYIO QYHKIMIO y=>b; ecau b=0, To
IIOJIy4aeM NPAMYIO IPOIOPIIMOHAJBHOCTD Y = kx.



I'maBa 1. YucnaoBrie GyHKIINN

CaoiicTBa JUHEMHON QYHKIIMM Y =kx+b, yA

k0, b20:

1) oOsacThi0 ompejesieHUA ABJSAETCA MHO- y=x+1
JKeCTBO BCeX JeMCTBUTEJbHBIX YHCEJ; 1

2) ¢yuknua y=kx+b He ABJAETCA HU UYET- ,é i
HOI, HU HEYETHOM; / 1 |0

3) npu k>0 pyHKIUA BO3pacTaeT, a Npu

k <0 yOniBaeT Ha BCEeH YMCJOBOM IpA-

MOH.

I'padpuxom JguHeHHON (PYHKIHU sABAAeTca npamasa (puc. 1.1).
Yucao k HaspIBaeTCA YIJOBBIM KO3(pPUIIMEHTOM NPAMOIi, OHO PaBHO
TAHTeHCY yrIJjia HaKJOHA NPAMOH K IIOJIOXKHTEJbHOMY HAaIpaBJIEHUIO
ayya ocu OX, T. e. k=tga.

Puc. 1.1

PyHKuMa y= %
DyHKINA, 3agaHHAA QOPMYJIOHN y=£ rae k#0, Ha3wIBaeTca 00-
) v )
PATHOM NIPONMOPLUMOHAJBHOCTHIO. UHMCa0 kB HA3bIBAIOT KO3 duIiueHTOM
00paTHO! MPOIOPIIMOHAJIBLHOCTH.

o k
CBoiicTBa QyHKLMH Y=
1) obsacTeio onpesiesiIeHNA ABJIAETCA MHOXKECTBO BCeX AEHMCTBUTEJNbHBIX

yuces, KpoMe HYJIA,;
k .e [*) L]

2) ¢yHKUIMA Y= ABIAAETCA HEYETHOU (QYHKIHeH;

3) npu k>0 Qpyaxuusa yObiBaeT Ha mpoMmesxkyTke (—o0; 0) u Ha mpo-
MexyTKe (0; +00); mpu k<0 QyHKIIMA BO3pACTAaeT HA IPOMEKYTKe
(—o0; 0) u Ha nmpomexyTke (0; +09).

I'padpuxom oOpaTHON IIPONOPIIMOHAJIBHOCTH SABJAETCA ruiepbosa

(puc. 1.2). Ecau k>0, To BeTBu runep6osisl pacrosoxxeHs! B I u III xo-

OPAMHATHBIX deTBepTaAX (puc. 1.2a), ecam k<0, To BeTBH TunepOOJILI
pacnososkeHsl Bo II u IV xoopaunaTHbIX YeTBepTax (puc. 1.26). Ilpameie



OcHOBHBIE TEOPEeTHYECCKHNEe CBeIeHHNSA

a yA 6 yA

\ 4%
AA>

Puc. 1.2

y=0, x=0 (ocu abcuucc 1 OpANHAT) ABJAIOTCA COOTBETCTBEHHO I'OpM-

o o k
30HTAJBHON U BEPTUKAIbHOW 4CHMITOTAMHU rpaduka QYyHKIHH Y =.

Dpo6Ho-nuHelHas yHKUnA y4
dyH aHHa g y=2xt0 E
YHKI U, 3aaHHasa popMmyson y cxtd’ i

rmae a, b, ¢, d — pon3BOJIbLHBIE JEHCTBUTEIb- y=%

Hble yucia, c#0, ad-bc#0, HasbIBaeTCAa APO6G- —=

HO-JIMHeMHOM (yHKIMeu. I'padpukom aABaserca

A
Y
RY

rnnepﬁona, C aCMMIITOTaAMH — TI'OPHU3OHTAJIb- \

a d
Has: y=_, BepTUKaibHaA: x=-, (puc. 1.3). Puc. 1.3

KsagpaTHbiA TpéxuneH. KBagpatuyHas pyHkumsa

KBagpaTHeIM TPEXWIEHOM HA3LIBAETCA MHOrowIleH Buaa ax2+bx +c,
rjae x — mIepeMeHHas, a, b, ¢ — HeKoTophle AeNCTBUTEJIbHBIE YKcaa, a#0.

KopHeM KBaapaTHOro TpéxujieHAa Ha3bIBaeTCA 3HaUYeHHe IIepeMeH-
HOM, IIPM KOTOPOM 3Ha4YeHHEe 3TOI'0 TPEXuJieHa PaBHO HYJIO.

Ecan x,, x, — KOpPHM KBaJpaTHOTO TpEXudjeHa ax?+bx+c, TO
ax?+bx+c=a(x—x,)(x—x,).



I'naBa 1. YnucaoBrie GQyHKIIUU

KBagpaTuunoiit pyHKIIMEeH Ha3bIBaeTCsa (PyHKIUA, KOTOPYIO MOYKHO
3anaTte GopMmysioi Buaa ax?+bx+c, roe x — He3aBUCHMAasA IIepeMeHHAaA,
a, b, ¢ — Heroroprle uncja, a#0. Ilpu a=1, b=c=0 kBagpaTnuHad
QYHKIMA NpUHUMAaET YaCTHBHIM BHUA U= x2,

CsoitcTBa QyHKINK Y = x2: 4 y=x°
1) obJsacThio onpeneseHNA ABJIAETCA MHOMKECT-

BO BCeX JEeNCTBUTEJBbHBLIX 4YHCeJ;

2) QyHKIMA y=x2 gBAseTCA UYETHON (PYHK-
I1en;

3) ¢yHKuus yOuiBaeT Ha mpoMexyTke (—o0; 0] -=1--
1 BO3pacTaeT Ha IpoMexyTke [0; +09).
I'papurom QyHKIUM y=x2 sABJSETCA Ia-

pabosia (puc. 1.4).

V&

CteneHHas PyHKLUS C HaTypanbHbiM NoKa3aTtesnem

DyHKINA, 3agaHHaA GOpMyJIOH Yy = x", re n — HaTypaJbHOEe YHUC-
JIO, Ha3bIBAETCA CTeNeHHOM (PyHKIMeH ¢ HATypaJbHBIM IIOKa3aTeJeM.
B uwactHOCTHM, Tpu n=1 nmosyyaem JHUHEHNHYIO (QPYHKIUIO Y=X, IIPH
n=2 mnojydyaeM KBaJApPaTUYHYI0 QYHKIHUIO y=Xx2, nmpu n=3 mojaydaeMm
GyHxnuio y=x3, rpaduKomM KOTOpOIl sABAsSeTCA KyOuueckas mapaboJa.

CsoiicTBa QyHKIMHU y = x3:

1) o06sacTbiO ONmpeaeIeHNA ABJIAETCA MHOMKECTBO BCeX JeMCTBUTEJIbHBIX
yuceJ;

2) ¢yHENNA y=x3 aBasgercsa He4éTHOU (pyHKUUeil;

3) ¢dyHKIUA Bo3pacTaeT Ha Bced 00J1aCTH omnpeAesieHUd.

Boobuie, nmycTh n — IIPOM3BOJIbHOE YE€THOE HATypaJibHOE 4UCJIO,
Ooosbiee aByx: n=4, 6, 8, ... . B atom cayuae cBoiicTBa (PpyHKIUU
Y= X" aHAJOTHMUHBI CBOMCTBAM (yHKuuM y= x2., 'paduk Tarkoit QyHK-
U MOXo)K Ha rpadur mapabosbsl (puc. 1.5).

ITycTs n — mpoM3BOJBLHOE HEUETHOE YHCJO, OoJiblliee TpEX: n=25, 7,
9, ... . B arom cayuyae cBoiicTBa QYyHKIIUH Y= X" aHAJOTUYHEI CBOMCT-



OcHOBHEIE TeopeTHUYeCKHue CBeJeHndA

BaM QyHKnum y=x3. I'padpuk Taxkoil PYHKIMH IOX0X Ha rpadpux
KyOuueckoil mapa6oJas!l (puc. 1.6).

yA .y=.‘x4 yA y=x5

y=x*

Puc. 1.5 Puc. 1.6

dyHkumnsa y=Fx

CsoiicTBa QyHKIINHU y=W npu n — 4YeTHoe:

1) o06sacThIO ONpEJe/IeHUs ABIAETCA MPOMEXYTOK [0; 00);

2) (YHKUIUS BO3pacTaeT Ha Bcell 00JlacTH oIIpeaeseHUsd;

3) OQyHKIUA y=% npu n>1 aBiasercAa o0paTHOl K QYHKIUU Y= X"
Ha npoMexyTKe [0; 00). Ux rpa@uKy CUMMETPUYHEI OTHOCUTEIBHO
OuccexkTpucel 1 1 3 KOOpAMHATHLIX yeTBepTed (puc. 1.7a).

a YA 6 U A

YR

L

Puc. 1.7
— 15 —



I'maBa 1. YucaoBrie GyHKIIUH

1)
2)
3)

1.1

1.2

1.3

CsoiicTBa QyHKIINHU y=% IIpU n — HeYeTHoe:

00J1aCTBIO OIIpefeJIeHNs ABJAETCA NMPOMEKYTOK (—00; 00);
¢dyHKIIUA Bo3pacTaeT Ha Bced 00JiacTH onpenesieHUdd;

bpyHKIIUA y=4/; nmpu n>1 aBaserca oOpaTHON K QYyHKIUHU Y = X",
HNx rpaduky cCMMMETPUYHBI OTHOCHUTEJbHO OHCCeKTpHCH 1 1 3 KO-
OpPAMHATHBIX uerBepreit (puc. 1.76).

SA0A4HN C PEWLEHNAMU

Haitaure o6sacTh onpeneneHus GyHKmuU y=x3—x—2.

Pewenne. Pyuknus OyfeT ompejeseHa NPHU TeX IHAUYEHUAX
aprymeHra X, npu xKotopbeix x—22>0, T. e. nipu x 2> 2. Ciegona-
TeJIbHO, 06/1aCTBIO ONpefeeHNa PYHKIUU ABJIAETCA Jyd [2; 09).

Oteer: [2; ©0).

Haiigure ob6aacTes onpeneneHnus GyHKIAN y=x5+4\/3—x. B orBeTe

VKa)XHTe HOMep NPaBUJILHOT'O OTBETA.

1. (8; +00); 2. R; 3. (—o0; 3]; 4. [-3; 3].

Pewenne. 1A HaxoxAeHUA 00JIaCTH ONpefesIeHUA AHATUTUUECKH
3afaHHOM (PYHKIMHU y4TEéM CBOMCTBa QyHKIUM y=33—x, pemmm
HepaBeHCTBO 3 —x >0 M MOJYYUM IPOMEXYTOK (—00; 3], KOTOpBIA
ABJAETCA 06J1aCTBIO ONpeJeeHuA (PYyHKIUU.

OTBerT: 3.

Haiinure obsacT 3HaUeHUH CJAEAYVIOMIUX (PYHKITHIMA:
x3, 0<x<1,

a) y=—2x2+11; 6) y=|1, 1<x<3,
-x+4, 3<x<4.



3agauy ¢ pelIeHUuAMHU

1.4

PeweHune.

a) F'pabuxom pyuruuu y=-2x2+ 11 asasercsa napa6osa, ¢ Bep-
muHo B Touke (0; 11), BeTBM KOTOPOH HampaBJieHHl BHUS.
CnenoBaTenbHO, 00J1aCTHIO 3HAUEHUH (PYHKIUM SABJAETCA IIPO-
MexyTOK (—00; 11].

0) PyHKIINA 3aJaHa Ha Pa3JNUYHBIX IPOMEXKYTKAX pPas3INyHBI-
mu popmynamu. Takaa PYHKIUA Ha3bIBaeTCsad KYCOUHOM. IJTa
dyHKIUMA ompeleieHa Ha orpeske [0; 4]. O6macThio 3HaYeHUMH
QyHKIMHU ABiAseTca oTpe3ok [0; 1].

Oteer: a) (—o0; 11}]; 6) [0; 1].

ITo rpadpury pyuxnuu y=f(x) (puc. 1.8) onpegenure, xaxoe u3
CeAyIOIIUX YTBePXAeHUIl cIpaBeaIuBO:

........................................

Puc. 1.8

1. dyHKINA NIPUHUMAaET OTPUIlATEJbHbIe 3HAUECHUA npu x = 7.
2. Hynamu ¢pyaxuum aBaamTca yucaa —3, 0, 7.
3. ®yuxkuua Bo3pacTaeT Ha ImpoMexyTke [—5; 3].



I'naBa 1. YucinoBrie QyHKIIUH

1.5

PeweHune. B Touke x =7 3HaueHHe PyHKIMHN 00paIl[aeTcsa B HYJIb.
OrpumarenbHble 3HaUeHUA PYHKIIMA MPUHUMAET HA ITPOMEXKYT-
kax xe[-5; —3)uU(7; 9]. HynaMu QyHKIIMM ABJAAIOTCA YHUCIA
-3, 7. ®yHKuua Bo3pacTaeT Ha npomexyTke [—5; 3]. IlosTomy
CIIpaBeAJINBBLIM SBJIAETCA yTBEpXKIeHUE 3.

OtBer: 3.

ITo rpadpury pyuxnuu y= f(x), npex-
cTaBJIieHHOMY Ha puc. 1.9, ompepge-
JINTE:

a) obsacTh ompejeseHUNA QYHKIINHU;
6) oOsacTh 3HaYEHUH (PYHKIINU;

B) HyJaU QYHKIHU;

I') IIPOMEXYTKHU yOBIBAaHUA (PYHK-
IUH;

) IIPOMEXYTKH, Ha KOTOPBIX 3Ha-
yeHNA QPYHKIIUU HEOTPHUIlaTeJIbHEI.

PeweHue.

a) Ilna HaxoxaeHUs 00JiIaCTH olpeneieHNA rpaduyecKu 3amaH-
HOH (PYHKIIMU CIIPOEKTHPYeM Bce TOUKHU e€ rpadpuka Ha och OX
U IOJYYUM MPOMEXYTOK (—2; 5), KOTOpBIN ABIsAETCA 06aCTHIO
onpenegeHusa (PyHKIUU.

06) Hna HaxoxaeHuA oOjacTH 3HAUEHHil rpaduyecKH 3agaH-
HOM ()YHKIIMH CIIPOEKTHPYEM Bce TOYKH e€ rpadpura Ha ock OY
U MOJYYMM IPOMEXYTOK [—2; 3], KoTophlit ABIsAeTcA 06JACTHIO
3HaUYeHUN (PYHKIUH.

B) Hynamu byHKIUMN ABJAAIOTCA Te 3HAYEHUS apryMeHTa, B KOTO-
pBIX 3HaueHHe PYHKIUM obOpamiaeTca B HyJb. B JaHHOM ciydae
3TO 3HaUeHHe x = 2.

r) Jlnsa ompenesieHNA IIPOMEXXYTKOB YObIBaHMA (PYHKIIUM BOC-
IIOJIb3yeMCSA OIpeAejIeHNEeM M IOJYYHM, YTO JaHHAA (PYHKIUA
yb6eIBaeT Ha mpomexyTkax (—2; 0] u [4; 5).



3ajauyy ¢ pelIeHUAMHU

1.6

1.7

1.8

n) Hago HalTu Te MpOMEXKYTKH, HA KOTOPBIX TOYKH rpadpuka
(GyHKIIUKN pacmoJoKeHbl Bhlile ocu OX MJAM NPUHALJIEKAT OCH
OX. B maHHOM cjiyyae 3TO IPOMEXYTOK — [2; 5).

Orteer: a) (—2; 5); 6) [-2; 3]; B) x=2; r) (-2; 0]U[4; 5);
n) [2; 5).

ITo rpadurky dyuxuuu y = f(x), npegcrasiennomy Ha puc. 1.9,
HalauTe 06JaCTh ONpefieseHNsa QyHKIuM y = f(x). Ykaxure Ho-
Mep IIPaBUJIBHOI'O OTBeETA.

1. (5;+00); 2. R; 8. (—o0; 2]; 4. [-2; 3]; 5. (-2; 5).

PeweHue. [I1a HaxoXJeHUA 00JIaCTH OonpefieeHUA rpadpudyecKku
3aJaHHOM (PYHKIIMM CIPOEKTHPYeM BCe TOYKH eé rpadpmka Ha
ocb OX ¥ moay4YuM HPOMEXYTOK (—2; 5), KOTOpHIH sABIsAETCA
00J1aCTBIO ommpeneseHUsA PYHKIIHUH.

OTBeT: 5.

ITo rpadpuxry pyuxmum y=f(x), npeacraBjiensomy Ha puc. 1.9,
HaiauTe 06JacTh 3HaueHUM QyHKmuu y=f(x). Yraxxure HOMep

IPaBUJILHOTO OTBETA.
1. (5;+00); 2. R; 3. (—o0; 2]; 4. [-2; 3]; 5. (-2; 5).

PeweHune. [lisa HaxoXJeHHs o0JacTH 3HaUeHHUN rpadUyecKH
3aJJaHHOM (PYHKIIUM CIIPOEKTHPYyeM Bce TOUKH €€ rpauka Ha
ock OY U HOJYYUM HPOMEXYTOK [—2; 3|, KOoTOpHIH sABIAeTCA
00J1aCThIO 3HAYEHUH (PYHKIUNU.

OTeerT: 4.

2x+2
x—2°
Pewenue. JlaHHaa QPYHKIUA ABJIAETCA JAPOOHO-IMHEHHOM
ax+b
cx+d’

ITocTpoiiTe rpaduk QYHKIHHU Y=

dyHaknueir Buga y= Eé rpaduxom sBaserca rumnepboJa,



I'naBa 1. YucaoBrle GYHKI UM

a
C aCUMIITOTaMHU — TI'OPDU3OHTaJIbHaA: Yy === 2, BepTHKAaJIbHaA.

=c=1
x=—%=— T2=2° I'padpuk npexpcraBiaeH Ha puc. 1.10.

Puc. 1.10

x+3, 65 x<1,
1.9 Ilocrpoiite rpapur pyHKmunm y=|4, 1<x<6,

-2x+16, 6<x<10
M HauguTe e€ o0JlacTh 3HAYEHUH.

PeweHne. 3aganHaa QYyHKUUA ABAAETCA KycouHoM. I'padux
dbyHKnUM npeacraBjeH Ha puc. 1.11. Eé obGaacThio 3HaueHMit
ABJAETCA OTpe3ok [—4; 4].

.......................




3ajauM ¢ pelleHUAMH

1.10

1.11

1.12

Onpegenute, 3afal0T JU CJeAyIolMe npaBuja QyHKIIUN:
1) y— —2x, —3<x<0,
Y= |Jx +1, x>0;

x2, 0<x<2,
2) y=\4, 2<x<4,
x, x>4
B cayuae moJsIOKUTeJIBHOIO OTBETA:
a) HauauTe o0JIacThb oImpefesieHNs (PYHKIIUU;
0) BBIUMCJINUTE 3HAUYEeHUA PYHKIIUM B TOoukKax —1; 2; 5;
B) HaJUTe IMMPOMEXYTKH MOHOTOHHOCTH (PYHKITHUH.

Pewenune. Ilpasuso 1 GpyHKIMIO He 3afaéT, TAK KaK OJHOMY M
TOMy JKe 3HaueHHIo x =0 3TO IPaBUJIO CTABUT B COOTBETCTBHE pas-
JAYHBIe 3HaUeHus y: B ogHoM ciaydae — y=0, B apyrom — y=1.
IIpaBujo 2 QyHKIINIO 3aJae€rT.

a) OGracTbI0 onpele/ieHUA ABJAeTcA Jyd [0; +00),

6) B Touxke x =—1 Qpyuxkuusa He omnpeneneHa; f(2)=4; f(5)=5.
B) ®yuknusa BoapacraeT npu x €[0; 2]U[4; +00); Ha oTpeske
[2; 4] pyHKIIUA nOCTOSHHA.

Onpegenure, ABIACTCH JU QYHKIMA y=|x |+ x? yéTHOM, HeUETHOMH
nan obIero BUga. YKa)XHUTe HOMep NIPaBUJIBHOIO OTBETA.
1. uétHasa; 2. HeuéTHadA; 3. o0OIero BUAA.

Pewenne. Oyuxnuu y=|x|, y=x* apasorca yérHeimu. Cymma
YETHBIX QYHKIIMHA — 4YeéTHasa QPyHKIUA.

OTtBeT: 1.

Ian npomexyTox (—00; 1]. VkaskuTe HOMep OTBETa, COAEPIKAIIEro
npuMep PYHKIIMHU, AJIA KOTOPOH JaHHBIM IIPOMEKYTOK SBJIAETCSH
00J1aCThI0O 3HAYEHUM.

1. y=x2+1; 2. y=x2-1;

3. y=—x2+1; 4. y=-x2-1.



I'naBa 1. UYncioBrie QYHKIIUH

PeweHne. [laHHBIN IIPOMEXKYTOK SABJSAETCA 00JIaCThI0O 3HAYEHUM
KBaJpaTU4YHOd QyHKIHM y=-x2+1.

OTBerT: 3.

1.13 TI'padux Kakoil Hu3 3aJaHHBIX HUKe (YHKIUNA H300paKEéH Ha
puc. 1.12? Ykaxute HoMep IpPaBUJIbHOIO OTBETA.

Puc. 1.12

1. y=|x-3|+3;

2. y=—|x—-3|-3;

8. y=—|x+3|+3;

4. y=-3|x-3|+3.

Pewenue. ITockonbKy rpaduk pyHKIIMM cMelI€éH Ha 3 MaciuTab-
Hble eJUHHUIIBI BBEPX M BJIEBO OTHOCHUTEJbHO Hauaja KOOpDAHWHAT
1 BeTBU I'paduKa HampaBjieHbl BHU3, TO Ha puc. 1.12 nsobpakeéx
rpadpuk GyHKIMH y=—|x+ 3|+ 3.

OTteerT: 3.



3ajauM ¢ pelmeHnAMH

1.14 Ha puc. 1.13 u3o6paxéH rpaduK ABUIKEHUS BOJHBLIX TYpPHCTOB,
KOTOPble HadaJIl IyTellecTBHE II0 03epy HA MOTOPHOM JIOAKe.
Yepe3d uyac ABUIKEHMA MOTOpP IiepecTasl paboTraTb, M TYPHUCTHI
OAMH Yac IIPOJOJI)KAJNIM NyTelIecCTBHe Ha BEcJIaX, II0CJe Yero
BEePHYJIUCh B MCXOJAHBLIA NMYHKT TEeM K€ IIYTEM.

Puc. 1.13

a) OmnpexennTe CKOpPOCTb ABMIKEHUS JIOAKM C MOTOPOM H Ha
BécJIax.

06) Kakoe paccrossHue mpeopmojienun Typuctel uepesd 30, 60, 90,
120 MuHyT 1mocjie HauvaJjia JBUMKEHUSA?

B) Uepe3d xakxoil IIPOMEXYTOK BPEMEHM IIOCJEe IIOJIOMKH MOTO-
pa TYpPUCTHI BEPHYTCA B MYHKT HAauyaja IIyTeIIeCTBUS, €CJU He
VYUTHIBATH IIepEepbIB HA OTABIX?

PeweHne.
a) CKoOpoCTh ABHIKEHUA JIONKH C MOTOPOM — v=o=T7= 30 xm/u.
CropocTs ABHXKEHUSA JIOAKH Ha BECJaX — O KM/Y.

OtBer: 30 xM/4; 5 KM/u.



I’'maBa 1. YucsoBrie QyHKIIUU

1.15

6) Typuctsl npeoxosenu ueped 30 muHyT 15 KM, uepe3d 60 mu-
HyT — 30 M, uepe3d 90 muayr — 32,5 KM, uepe3d 120 mu-
HYT — 35 KM.

OtBer: 15 kM, 30 kM, 32,5 KM, 35 KM.

B) IlocJsie moIOMKM MOTOpPa TYPHCThI OAHMH 4ac IMPOIOJIKAIN ABU-
JKeHUe BIepeén, YAaJUBIINChL OT MCXOLHOM ITO3UIIMM Ha 35 KM.
TakuMm o0pa3oM, NPOTAMKEHHOCTHL OOpPaTHOrO IYyTH COCTaBHJA
35 KM IIpU CKOPOCTH ABMIKEHHs Ha Bécaax — 5 Km/u. CiaexgoBa-

o s 35
TeJbHO, Ha OOpPaTHBIN NYyTh OLLIIO 3aTpPauyeHo t=;=?= 7 4acos.
Toraa 1mocJie MOJIOMKH MOTOpPa TYPHUCTHI BEPHYTCS B IYHKT Hadaja
nyremiectBuAa yeped 1+ 7=8 uacos.

OTtBeT: 8 uyacos.

B Tabsuiie nmpeacraBiieHbl JaHHBIE 3aBUCMMOCTH TOPMO3HOI'O IIyTH
aBTOMOOMJISA OT CKOPOCTH €ro ABUI)KEHHs Ha CyXOoM acdaJjibTe:

V, km/u 0 20 40 60 80 100

S, m 0 10 20 40 60 90

a) C xaxo¥l CKOpPOCThIO JOJI)KEH ABUraThCAd aBTOMOOUJIb, UTOOBI
ero TOPMO3HOU IyTh He mpeBbImag 60 m?

6) Kakum GyaeT TOpMO3HOM IyTh aBTOMOOHNJIA NMPU CKOPOCTH €ro
aBuxKeHuA 60 xKm/u?

PeweHue.

a) Kax BuaHO U3 mpeacTaB/JeHHON TabJIUIbl, AaBTOMOOHJIb JOJIKeH
IBUTATbCA CO CKOpPOCTHIO He O6osiee 80 xMm/4.

6) Kax BuAHO M3 mpeAcTaBJeHHOM TaOJMIIbI, TOPMO3HON IIyTH
paBeH 40 M.

OTtBer: a) He Gosee 80 Km/u; 6) 40 m.



Ba3oBrlie 3amaum

BA30BbIE 3AAAHU

Hanaute obnacrtb onpeneneHnna GyHKUUMN.

1.16

1.17

1.18

1.19

1.20

1.21

_ 2+x
y 3x-1°

y=yx—-2-\7-x.

OTBerT:

OTeer:

OTBeT:

OTBerT:

OTtBerT:

OTeBerT:

Hapute obnactb 3HaueHun GyHKUUMN.

1.22 y=x2 Ha orpeske [—1; 3].

1.23 y=yx.

a) Ha orpeske [1; 36].
6) Ha uHTepBase (9; 64).

1.24 y=-x2+4.

Uccneayinte PyHKUNIO HA YETHOCTD.

1.25 y=

x2-4x+3
x—3

OTBer:

OTtBerT:
OTBeT:

OtBerT:

X #

Qo -

x#*1.
x> 2.

x € (—00; 2]U[3; +00).

xeR.

xe[2; T].

[0; 9].

[1; 6].
(3; 8).

(~o0; 4].

OTBeT: QyHKIUA He ABIAECTCA HU YETHON, HU HEUYETHOM.



I'naBa 1. YnucaoBreie GYHKIINN

1.26

y=>5|x|—x2+4x*.

OTBeT: QYHKIMNA ABJIAETCA YETHOM.

1.27 Tlo rpadpuxy pyuxmum y=f(x) (puc. 1.14) onpenenure:

1.28

.......................................................................................................
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c. 1.14

a) ob6JjsiacTh onmpeAeseHUA (PYyHKIUU;
6) obsacTey 3HaUYeHUH (PYHKIINU;

B) HyJN (QYHKIINH;

I') IPOMEXYTKHU BO3pacTaHUsA (PYHKIIUH;
) IMPOMEXYTKH, HA KOTOPBHIX (QPYHKIUA IIPUHUMAET IIOJIOMKU-

TeJIbHBIE 3HAYEHMS.
Otser: a) [-6; 6];
6) [-3; 4];

B) x=-4; x=-2; x=0; x=3;

r) [-3; —1]U][1; 6];

x) [-6; —4)u(-2; 0)U(3; 6].

Ilo rpadurky pyHKIUUN Y=

f(x) (puc. 1.15) onpeaenute:

a) obsacTh ompenesieHUsaA PYHKIIUU;
6) o6sacTh 3HAUEHUH (DYHKIUH;
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BasoBrie 3agmaun

B) KOOPAHWHATHI TOUEK IlepecedyeHUs rpadpumxa GyHKIUMU C KOOp-
ANHATHBIMH OCAMU;

I') IPOMEXKYTKH, Ha KOTOPHIX QYHKIIUA NPUHUMAaET OTPUIlaTeJIb-
Hble 3HAYEeHUS;

) IPOMEXYTKHU YOBIBaHUA (PYHKIIUH;

e) 4HCJIo HyJel (QPYHKITHUU.

1.29 IIpuBeaute nmpumep GYHKIUH:
a) ONpeleJIEHHOM Ha MpoMexyTKe (—o0; 0);
6) ompegenéHHOM Ha mpoMmexyTke (—o0; 0];
B) onpejesIéHHON mmpu Bcex X 2 (0, KpomMe TOUKH X = 3;
r) ompeneseéHHON mpu Bcex x < (0, kpome TOUKH X = —4;

1.30 IIpuBegure npumep QPyHKIIUU:
a) o0JsiacTh 3HAYEHUHN KOTOPOM COCTOUT M3 uuceya *1;
6) 06JacThI0O 3HAYEHUH KOTOpO# sBasAeTcs Jyd [1;+ 00),



I'maBa 1. YuciaoBsle GyHKIUH

NMocTtpounTte rpadpuk PyHKUUMN.

1.31 y=x3+1.
1.32 y=(x+1).
1.33 y=|x|-2.

1.34 y=-|x-2|

1.35 y=+x+2.

1.36 y=—x+3.

1.37 y={x-1.

1.38 y=-{x+1.
x2, 0<x<1,

1.39 y=|1, 1<x<3,
x-2, x=23.
x—2

1.40 Y=o r+1'
3x+2

1.41 y=""7%+1-

MocTtpoiTe rpadmk PyHKUUN N HanaUTe eé obnacTb 3HA4YEHUMN.

142 y=x2-5x+6. OTBer: —i; +00).



Ba3oBrle 3amaum

2, x=20,
. = : i [ ]
143 y 2, x<0. OrBer: *2
1.44 y=vx2+4x+4+5(x—2)2. OTeer: [4; +00).

Onpepnenurte, 3apaloT N cneayowme npasuna GyHKUUn:

x—3, x<1,

145 1) y= -x2, 1<x<3.

’ 2)y={
OTtBeT: HUM OAHO K3 NMpaBuJ QYHKIIHUIO He 3aJa€T.

x?, 0<x<1, 1o
146 1) y=|1 x>1 2) y={x* " 7

? b

OTtBer: 06a mpaBuJa 3agaT QPYHKIIHIO.

1.47 B rabiaunme npeacraB/ieHbl JaHHbIe 3aBUCHMOCTH TOPMO3HOTO
IIyTH aBTOMOOHMJIA OT CKOPOCTH €ro ABU)KEHHUS IIPHU TIOJIoJIEfe:

V, kmM/4 0 20 30 40 50

S, m 0 40 70 110 160

a) C KaKoif CKOPOCTBHIO JOJIKE€H ABUTATHLCSA aBTOMOOWMJL, UTOOLI
€ro TOpMO3HOM NyTh He npeBbiman 40 m?

6) OnpemenuTe TOPMO3HOM NMYTH ABTOMOOHJIA IPH €ro CKOPOCTH
30 Km/u.

OTBet: a) He Gosee 20 xMm/u; 6) 70 M.



I'maBa 1. UYncaoBrie QYHKI UM

SA0AYN ON1A CAMOCTOATE/IbHOIO PELLEHAUA

Onpepnenute, kakoe U3 npasun 3apnaer dyHkuuio. B oTBere yka-
XUTE ero Homep.

—_x, x<0, —x_l’ x<1,
148 1) y=__xz, 0<x<2, 2) y__x+1, 1<x<4.
E 0<x<1, [t —2<as,
1.49 1) y__1+(x—1)2, 1<x<2, 2) y__x+2, x>-1.
(x -3, x<1, _[x-1, x<-1,
1.50 1) y___xz’ 1<x<3, 2) y__\/x—{—]_, -1<x<0.

Haiigute obnactb onpeneneHus cnenylowmx GyHkuMin. Ykaxure
HOMep NpPaBuUJIbHOro oTBeTa.

151 y=x2—-x+\7-x.
1. (7; +00); 2. R; 3. (—o0; 7]; 4. [-T; T].

x3+x

Vi1-x°

1. (0; +00); 2. (—o0; 11); 3. R; 4. [-11; 11].

152 y=

158 y=

1. R; 2. (—o0; 0); 3. (0; +00); 4. (—o0; 0)U(0; +00),

154 y=x2—-x+|x—-6|.
1. (6; +o0); 2. R; 3. (—o0; 0]; 4. (—6; 6).

155 y==
1

. (1; +o00); 2. (—o0; T]; 8. [0; 1]; 4. R; 5. (—o0; 1)uU(1; +00).



3agaum OJIA CAMOCTOSTEJBHOTO pemeHn

1.56

1.57

1.58

1.59

ITo rpapury pyHxmuu y=f(x) Ha puc. 1.16 Haiizure o6aacTb
onpeseneHna QyHKnuu y=f(x). Yxkaxure HOMep NPaBUJILHOTO
OTBeTA.

1. (-6; 6); 2. [-3; 4]; 3. [-6; 6]; 4. R.

ITo rpaduky GpyHxknuu y = f(x), npeacraBieHHomy Ha puc. 1.16,
HayguTe 00JacTh 3HaueHUM QyHKmuM y=f(x). Yraxure HOMep
IIPaBUJBHOIO OTBETA.

1. (-3; +00); 2. R; 3. (—o0; 4]; 4. [-3; 4); 5. [-6; 6].

ITo rpadpury ¢pyuriun y=f(x) Ha puc. 1.16 Haligure HyaM PyHK-
mun y = f(x). Ykaxure HoMep NPaBUJILHOTO OTBETA.

1. -6; 6; 2. —4; 0; 3. —4; -2; 0; 3; 4. -3; —1; 1.

ITo rpadury GyHxnuu y=f(x) Ha puc. 1.17 HaliAUTe KOJIUUECTBO
myneit pyxnuu y=f(x). Yraxxure HoMep NMPaBUJILHOI'O OTBETA.

1. 5; 2. 4; 3. 1; 4. 0.



I'naBa 1. YucsnoBbsle QyHKIIUH

,,,,,,

Puc. 1.17

1.60 Ilo rpadury dpyaxuuu y=f(x), npeacrasiensomy Ha puc. 1.17,
HalauTe 00JacTh 3HaUYeHUU QyHKIMHU y=f(x). YKaure HOMep
IIPaBUJIBHOT'O OTBETA.

1. (-1; +o0); 2. (—6; 6); 3. (—o0; 1,5]; 4. [-6; 6]; 5. [-1; 1,5].

Onpenenute, ABNSIOTCA NN AaHHble QYHKUUN YETHLIMU, HEYET-
HbiMU Unu obuwero eunaa. YKaxure HoMmep nNpasubHOro oTeeTa.

1.61 y=x*—|x|

1. uéTHasa; 2. HeuéTHasd; 3. o0Iero Buja.

1.62 y=x3+|x|

1. uéTHaa; 2. HeuéTHadA; 3. oOLIero BUIA.

1.63 y=%.

1. yuéTHasa; 2. HeuéTHasa; 3. oOiero Bujaa.

1.64 Onpegenure, ABJAsETCA JU PYHKIIUA, rpa)uuecK 3ajaHHAA Ha
puc. 1.18, yéTHO, HeUETHON MJIM OOIIEero BUAa. ¥ KAXKUTe HOMED
IIPaBUJBLHOI'O OTBETA.

1. yéTHasa; 2. HeuéTHaa; 3. oOuiero BHUiAa.



3311&‘-1](1 AJA CAMOCTOATEJNBHOI'O pEeIIeHndA

1.65 [lan npomexyTok (—o0; —2|. YkaxxuTe Homep oTBeTa, COZepIKa-

1.66

1.67

Iero npumep QYyHKIIUH, AJSA KOTOPOM MAHHBIA IIPOMEXKYTOK
ABJAETCA 00JIaCTHIO 3HAUYEHUMH.

1. y=x2+2; 2. y=x2-2;

3. y=—-x2+2; 4. y=—-x2-2.

Ilan npoMexyToK [3; +00). VKaxkuTe HOMEp OTBETa, COAEPKAIIEero
IpuMep QYHKIIUU, AJIs KOTOPOH JHAHHBIM IMPOMEKYTOK ABJSAETCS
00J1aCTHhI0O 3HAUYEHUM.

1. y=|x|-38; 2. y=|x|+38;

8. y=—|x|-3; 4. y=—|x|+3.

I'paduk kKakoil u3 3aJaHHBIX HM)Ke (QYHKIUN H300pa'kéH Ha
puc. 1.19? Vkaxute HOMep NMpPaBUJILHOI'O OTBETA.

1. y=x2; 2. y=x2-4; 3. y=-x2+4;

4. y=(x-3)2-4; 5. y=—(x-3)>+4.

Puc. 1.18 Puc. 1.19
— 33 —



I'maBa 1. UncaoBele QYHKIIUH

1.68

1.69

1.70

Muina moexaj Ha Jiomaau u3 cejsia B painentp. Ha puc. 1.20
IIpeacTaBJeH rpaMK 3aBUCHMMOCTH PACCTOAHHUS S, KM, KOTOpPOe
npoexan Mwumia, oT BpemMeHHu ¢, 4yac, 3aTPA4YeHHOI'0 Ha MOE3IKY.
Onpenenure mo rpa@ury:

a) pacCTosiHHe OT ceJjla A0 paHIleHTpa;

0) Bpems, 3aTpaueHHoe Muinei, oT Bble3fa U3 ceja A0 IIpue3aa
B paMIeHTp;

B) CKOJIBKO pa3 oTAabixan Mwuiia B myTu;

I') KaKOBa NMPOJOJIXKUTEJbHOCTh KaXXJA0ro U3 IPUBAJIOB;

I) KaKoBa CpefHAA CKOPOCTL ABUIKEHUSA JIOIIALMU.

A S kM @ P
e ST S S S R RD SETTTE PEPREE PRI EPRPITS PEPION
116

SO SUOT ISR TUUUS SNORE AU SN USSP SN SO S S SO
12 AN P
....... ;....... ........_........._........,;......4;.......':...... .._...........‘...................%......g
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: 8 N 4 P
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i 4 Pl L
: :)...... . ) 4 \.{:.A .::.......g.... + b H ..‘;.......f
2 0 1 P21 3 4:" !

Puc. 1.20

BrIipa3uTe mepeMeHHYIO U U3 QOpPMYJbl, OllpeAeasioeil GyHKIINIO
NyTHU: S=0"1.

Bripa3uTe mepeMeHHYI0 S U3 (opmyJbl, onpeneasomen QyHkK-

F
I(UIO JABJEHUS: p= .



NABA 2

PALNOHAJIbHbIE YPABHEHNA
N HEPABEHCTBA

OCHOBHbIE TEOPETU4ECKUE CBEAEHUA
YpasHeHue n ero KopHvu

MoHsTMe 06 ypaBHEHUsIX BbiCWKX cTeneHen. OCHOBHble METOAbI
peweHus

NuHeliHoe 1 kBagpaTHOE HepaBeHCTBO. [ToHATME O MeTone
WUHTEPBANOB

PauvoHanbHoe HepaBeHCTBO. O600UWEHHBIN MEeTOA, UHTEPBANOB
YpaBHEeHUE C ABYMS NepeMeHHbIMU

Mpaduk ypaBHeHUK. [paduyeckoe pelieHne HepaBeHCTBa
3AJA4YN C PELLEHNAMU
BA30BbLIE 3A0AYU

3AOAYUN ONA CAMOCTOATESIbHOIO PELLEHUA



OCHOBHbIE TEOPETUHECKWUE CBEAOEHUHA

YpaBHEeHMe n ero KOpHu

YpaBHEeHMA C OTHON NMEepeMeHHOH

YpaBHeHHEeM C OJHOH IepeMeHHOH X HAa3bIBAeTCA PAaBEHCTBO
f(x)=g(x), ectm chopmynmpoBaHa 3ajaya O HaXOXKIEHUHU BCEX TeX
3HAUYEeHUH X, IIPM KOTOPBLIX PABEHCTBO C IIepeMeHHOH ofpaiaeTrcsa B
BEpPHOE YHCJIOBOE€ PaBEHCTBO.

MHOXXeCTBO BCeX 3HAUYEeHU IIepeMEHHOl X, MPHU KOTOPHIX BbIpa-
xenud f(x) u g(x) ofHOBPEMEHHO MMEIOT CMBICJI, HA3LIBAETCS 06JIACTHIO
onpenejeHua (UaM 00J1aCThI0 AONMYCTHMBLIX 3HA4YEeHUN NepeMeHHOM)
ypaBHeHusa f(x)=g(x).

Bcsakoe 3HaueHMe mHepeMeHHOU, NpUHAaAJIerkalnee 00JIaCTH oIIpe-
HeJleHUsA ypaBHeHHUs, IIPH KOTOpOM paBeHCTBO f(x)=g(x) obpamaercs
B BEPHOE UYHCJIOBOE€ PaBEHCTBO, HA3LIBAETCS KOpPHEM ypaBHEHMH.

YpaBHeHUA, UMelOIle OOHU U Te Ke KOPHH (MJIU OJHOBPEMEHHO
He HMeIollie KOpHel), Ha3bIBAIOT PABHOCHJIBHBIMH.

JIuHelHbIe YPaBHEHUSA

JIuHelHBIM ypaBHEHHEM C OJHOU IepeMeHHOM X Ha3bIBalOT ypas-
HeHUe BUIa ax=>b, rme a u b — JOeNcCTBUTEJbHBIE YHCJIA; @ — KO03P-
(duneHT Ipu nmepeMeHHOM, b — CcBOOOAHBLIN YJIEH.

IIpn pemieHNH JUHEMHOTI'O ypaBHEHUA BO3MOXKHEBEI CJIEAYIOIINE
caydau:

b
1) a=#0; xX=1;
2) a=0, b=0; ypaBHenune umeetr Bujg 0+x=0, BepHO npu Jjaobom x,

cJefoBaTeJIbHO, KOPHEM fABJAETCA Ji000oe NeMCTBUTEJIbHOE YUCJIO;
3) a=0, b#0 ypaBueHue umeer Bujg 0-x=0>0, He UMeeT KOpHeIl.

KBanpaTHble ypaBHEeHUSA

KBaapaTHsIM ypaBHEeHNEM C OAHOU ImepeMeHHON Ha3bIBaeTCA ypas-
HeHue BUjaa ax?+bx+c=0, rge x — He3aBUCUMAasa IepeMeHHasd, a, b,
¢ — HEKOTOphle AeHUCTBUTENbHEIE ymucia, a#0.



OcHOBHEIE TEOpeTUUYECKHNEe CBEJCHUHA

dopmysa HaxOXJAeHUsA KOpHel ypaBHeHHsa ax2+bx+c=0 umeer
~-b+VD
2a °
Bripaxxenne D=>b%—-4ac Ha3bIBaeTCA AMCKPUMMMHAHTOM KBAaAPATHOI'O
ypaBHeHusa. Ecau D <0, To KBafpaTHOe YpaBHEHNE HE UMeeT JeHCTBUTEJIb-
HBIX KOpHeit; ecan D=0, To ypaBHeHHe NMeeT OJNH AeNCTBUTEJbHBIA KO-
peHb (B 3TOM CJIyuae TaK)Ke MOBOPAT, UTO YpaBHEHNE HMeEeT JBa COBIIABIINX
KopHA); ecaun D>0, To ypaBHeHHNe HNMeeT ABa AENCTBUTEJNbHBIX KOPHSA.

BUA: X, ,=

Teopema Buera (06001ménnasn)

IIycTs MMeeTcss KBajapaTHoe ypaBHeHue ax?+bx+c¢=0. B arom
ciaydae X, X, — KODHH 3TOr0 ypaBHeHHdA TOTJa U TOJBKO TOTZA4, KOraa
BBIIIOJIHAIOTCA YCJIOBHA:

_c
b

IlonaTHe ciaencTBMs ypaBHEHMSA

IIycte maHbl ABa ypaBHeHUsa. Torga, ecam KaKAbI KOpPeHb IIEPBOIrO
YpaBHEHUA SABJAETCA TaK)Xe W KOpPHeM BTOPOro ypaBHEHHs, TO BTOpPOE
ypaBHeHHNe Ha3bIBAIOT CJIeACTBMEM IIepBOr0 ypaBHeHHA. B ciyuae paBHO-
CIUIbHBIX YPaBHEHUN KajKJoe N3 YpaBHEHUN ABJIAETCA CJIEACTBUEM APYTOro.

YpaBHeHUe-cJIeACTBHE MOXKET MMEeTh U TaKHe KOPHHU, KOTOpble He
ABJAIOTCA KOPHAMH HMCXOAHOTO ypaBHEHUs, — IIOCTOPOHHHE KOpHH.
ITocTopoHHME KOPHM MOTIYT IIOABUTHLCA IPH PaACIINPEHHUHU 00JaCTH OII-
pelieleHUsI UCXOAHOTO YpaBHEHUS.

C mespio ycTpaHeHUs IMOCTOPOHHUX KOPHEH Bce HallleHHble KOPHU
YPaBHEHUSA-CJIEJCTBUA TPOBEPAIOT HENOCPEACTBEHHON ITOACTAHOBKOU
B MCXOJAHOE YpaBHEHHE.

YpaBHEeHHA ¢ MapaMeTPOM
VpasHenue f(x; a)=0 Ha3bIBAlOT ypaBHEHHEM C IeDPEeMEHHOH X
1 IapaMeTPOM 4, €CJIM CTaBUTCHA 3a]ada PelINTh 3TO YpaBHEHUE OTHO-



I'maBa 2. PanmoHajbHBIe YPaBHEHNS U HepaBeHCTBA

CHUTEJBHO X IJA KaXJAOI'o AeHCTBUTEJLHOrO 3HAaUEeHUA a. K OCHOBHBIM
MEeTOJaM peIllleHNs YPaBHEHWIl ¢ mapaMeTpaMM OTHOCAT CJeAyIoLiue:
aHAJIUTUYECKUH METOJ, rpadMuyecKUil MEeTOJ U MeTOJ, OCHOBaAHHBIN Ha
CBOMCTBaX QPYHKINM (MOHOTOHHOCTDb, MEePHOAUYHOCTDb, YETHOCTh M AP.).

MoHsiTMe 00 ypaBHEHNAX BbICLUMX CTENeHeM.
OcHOBHbIe MeTOAbl peLueHus

YpaBHeHUe, CTelleHb KOTOPOT'0 BBIIIIE BTOPOM, IIPUHATO HA3LIBATh
YpPaBHeHHEeM BbIcuIed creneHun. OCHOBHBIMH MeTOJAaMHU pelleHuA ypaB-
HEeHUH BBICIINX CTeleHel ABJAIOTCA:

— MeTOJ 3aMeHbl IepeMeHHOI;
— MeTOoJ Pa3JIOXKeHUA Ha MHOMKHUTEJIU;
— rpapuyecKUil MeTOX.

JinHeHOe U KBaApaTHOE HepaBeHCTBO.
NMoHaTHMe O MeTone UHTepBanos

PemieHMe HepaBeHCTB C OJHOM INepeMeHHOM

PenreEeM HepaBeHCTBA HAa3bIBAETCSA BCAKOE 3HAUEHHUE IIepEeMeH-
HOM X, IPH KOTOPOM JaHHOEe HepaBeHCTBO oOpalaeTcss B BepHOe 4YHC-
JIOBOE HepaBeHCTBO.

JIBa HepaBeHCTBa C OJHOI NepeMEHHON Ha3bIBAIOTCSA PABHOCHJIb-
HBIMM, €CJIM pellleHUsA 9TUX HepPaBeHCTB COBHAJAIOT (B YaCTHOCTH, €CJIH
00a He MMeIOT pelleHH’i).

JInHeliHbIe HEPABEHCTBA C OJHOM IepeMEeHHOM
HepaBeHcTBO Buga ax>b (ax<b, ax>b, ax<b) Ha3LIBaeTCsa JM-
HelHbBIM HepaBeHCTBOM.

KBagpaTHble HepaBeHCTBa
Hepasencrso Buga ax2+bx+c¢>0 (ax2+bx+c¢<0, ax2+bx+c=>0,
ax?+bx+c<0), rae a#0, Ha3LIBAETCA KBAJAPATHBIM HEePaABEHCTBOM.



OcHOBHEIE TeopeTH4YeCKHue CBeAeHNndA

Hanpumep, ecium JIUCKPHUMMHAHT KBAaJAPaTHOTO TpEéXUdJjeHa
ax?+bx+c D<0 u crapmuii xosapdpunueHt a >0, pelreHneM Hepa-
BeHCTBa ax2+bx +c¢>0 ABAAIOTCA BCe 3HAYEHUSA X.

B o6meM cayuae AJA pellleHUs HepaBeHcTBa ax2+bx+c¢>0
(ax?+bx+c<0, ax2+bx+c>0, ax2+bx+c<0) HeoOXOoAUMO pas-
JOXXHUTh KBaJAPATHHIM TPEXUJIeH HaA MHOMXHUTEJHN 10 QopmyJe:
ax?+bx+c=a(x—x,)(x—x,). Janee MOKHO IPUMEHUTL METOX HHTEp-
BaJIOB B IIpOCTeMIIeN ero popme: HaHECTU
HA YHMCJIOBYIO OCh B IOPAAKE BO3pacTaHUA

X - X
HyJX QYHKIUHU X, X, 1 PACCTABUTL 3HAKH, ' 2
HaYMHAafA CIIpaBa C ILIIOca, B CJy4yae, €CJHd
. p ’ . y4dae, /:.\ )x 2<0
crapmuit Koagduitnest a > 0; ¢ MuHyca, .%"1 JN
ecau crapmnii koagpduimueHT a <0 (cm.
Puc. 2.1a
puc. 2.1a).
PaunoHanbHOe HepaBeHCTBO.
O6OOLWEHHDbI MeTon, UHTepBanos
P(x P(x) P(x)
HepasencTBo Buaa —(—l>0, <0, 20, \0 , rme P(x
P a0 (ol <0 >0 Gy <O 7ae o)
Q(x) — MHOroWwIeHBI, HA3bIBAETCSA PALMOHAJHHBIM HEpaBEeHCTBOM.

IInsa pemieHNs TAKMX HEPaABEHCTB NpPHUMeEHsAETCA 0000INEHHBINM
MeTOa HHTepBajgoB. C Iesbi0 pelleHHUs palMOHAJbHOIO HEpaBeHC-
TBa O00OOIIEHHBIM METOJAOM HHTEpPBAJIOB YHCJHUTEJNb M 3HaAMeHAaTeJb
(ecim TAKOBOM HMMeEeTCs) PAaCKJIaAbIBAIOTCA Ha MHOMHTEJH; II0CJe
Yyero HyJIU IOJIYYE€HHBIX COMHOMKUTeJIell HaHOCATCA Ha YMCJIOBYIO OCh

B NMOpALKe BodpacTaHua. Tak, Hanpumep, NYCTb MMeEETCA BhIpa)ke-
(x—a)(x—b)
(x—c)(x—d)
ompefeaseTcA caeayionum oopa3dom. Ha uncaoBoit ocum ormeuaroTcs
B NMOpPAAKEe BO3PACTAHUA HYJAN PYHKIHUH YUCIAUTENA U 3HAMEHAaTeJsd

paccMaTpuBaeMoro BhIpa)keHus. [lajee cmpaBa HajJeBO UYEPTHUTCHA

Hue Buga f(x)= N3meHeHMe 3HaKa NAaHHOTO BHIDA’KEHUSA



I'naBa 2. PanunonanbHbBIE YPaABHEHUA N HEepaBEHCTBAa

KpUBaA 3HaKoB. IIpu 9TOM, ecaM UMCJA0 MUHYCOB, CTOAIIMX HeIOC-
peICTBEHHO Iepes apryMeHTOM X, — 4YéTHOe, TO KPHUBAA 3HAKOB
YepTUTCH CIpaBa CBepXy, a pacCTaHOBKA

3HAKOB HAYMHAETCS CIIpaBa CO 3HAKa — \Vﬂ\ /+ i
«t+» (cMm. puc. 2.106); ecau Ke 4YHCJIO MHU- aN'b NS
HyCOB, CTOAINUX HENOCpPeACTBEHHO Iepen Puc. 2.16
apryMeHTOM X, — He4éTHoe, TO KpuBasd

3HAKOB YEePTUTCH CIIpaBa CHMU3Y, & PACCTAHOBKA 3HAKOB HAUMHAETCH

ClIipaBa CO 3HaAKa — «—», KosinuyecTBO MHOMKHTeJIelI B YHCJIHUTeJIe
N 3HaMeéHaTeJie He CYIIeCTBEHHO.

YpasHeHue C AByMSi NepeMeHHbIMU

Breipaxxenune Buia f(x, y)=0 HasbpIBaeTCa ypaBHEHHMEM C ABYMA
nepemMeHHsIMH. PellleHneM ypaBHeHHUS C IBYyMA IepeMeHHBIMU Ha3bIBa-
eTcs napa 3HaueHUA IepeMeHHbIX, oOpalaooiiaAa ypaBHEeHHEe B BepHoOe
pPaBeHCTBO.

YpaBHeHUA ¢ ABYyMsA NepeMeHHBIMH, HMeEIOINe ONHU U Te Ke
perieHusa (MM OAZHOBPEMEHHO He HMMeIONINe pelleHHUi), Ha3bIBalOTCA
PaBHOCHJIBHBIMH.

Fpaduk ypasHeHusn. Npadpunuyeckoe pewieHne HepaBeHCTBA

T'paduxom ypasmemus f(x, y)=0 Ha3bIBAE€TCA MHOXKECTBO TOUEK
Ha KOOPAMHATHOM IIJIOCKOCTH, KOOPAUHATHI KOTOPBIX YJAOBJIETBOPAIOT
ypaBHenuwo f(x, y)=0, T. e. IpH UX HEIOCPEACTBEHHOU IIOACTAHOBKE
B YpaBHeHHe OHO o0palliaeTcs B BepHOE pPaBEHCTBO.

¥YpaBHeHue Bujga ax +by=c, rage x, y — nepemMeHHbIe, a a, b, ¢ —
IeNCTBUTEJbHbBIEC YHCJAa, HA3bIBaeTCA JHMHEHMHBIM yPAaBHEHHEM C ABYMA
nepeMeHHBIMM; YNUCJia @, b Ha3bIBAIOTCA COOTBETCTBEHHO KO3 duIneH-
TaMH IIPU IEePEeMEeHHBIX X U lJ, YHUCJO ¢ — CBOOOAHBIM UYJIEHOM.



OCcHOBHBIE TeOpeTHUYECKHEe CBeJeHMs

B cayuae, ecaiu B ypaBHeHUHU ax +by=c xora Obl OJUH U3 KO3(D-
(UIINeHTOB PN IIepeMeHHbIX OTJHNYEeH OT HyJs, rpaduKOM ypaBHEHUSA
SABJIAETCA IpAMadA; IpuuyéeM, ecau a=0, To 3Ta npaAMaa napajjejbHa
ocu abciuce, ecau b=0, To 3Ta nMpaMasa mapaJjjejbHa OCH OPAHHAT.

B cinyuae, ec1u B ypaBHeHHH ax + by =c o06a Ko3pPpunmueHTa npu 1me-
PEeMEHHBLIX paBHBI HYJIIO OMHOBpeMeHHO: a =b =0, ypaBHeHHe IpUHUMAaET
Buxa: Ox+O0y=c u, crexoBaTe;;bHO, BO3BMOKHBI CJEAYIOIIAE CUTyaIuu:
1) cBOOGOZHBIN UJIeH TaKiKe paBeH HyJai0o: ¢=0; B 3TOM cjydae MBI

umeeM jzeso ¢ BoipaxxeHuneM Ox +O0y=0, xoTopoe TOXIECTBEHHO

BBINTIOJIHAETCA AJIA BCe KOOPAMHATHOM IJIOCKOCTH H, 3HAYWUT,

YpPaBHEHUIO YAOBJIETBOpseET Jwoobas mapa (x; y), 4, CJIeIOBaATEIbHO,

rpaduKoOM ypaBHEHHUA ABJSAETCA BCA KOOPANHATHAA ILJIOCKOCTD;
2) cBOOOAHBIA YJIeH OTJHYEeH oT HyadA: ¢c#(0; B 3TOM ciaydae ypasB-

HEeHHe He MNMeeT pellleHUsA; 3HAYUT, KOOPAMHATHI HU OJHON U3

TOYEK KOOPAWMHATHOM IIJIOCKOCTH He YJIOBJIETBOPSIOT ypaBHEHUE,

1, CJed0oBaTeJbHO, ero rpaduK He COAEPXUT HU OZHOM TOUYKH.

Vpasuenne Buga ax?+bxy+cy?=d (mam ux?+vy=d), roe x, y —
IepeMeHHble, a a, b, ¢, d, u, UV — JOeUCTBUTEeJbHbIE YNCJA, HA3bIBAETCH
ypaBHEHHEM BTOPOH CTeIeHH C ABYMs NepeMeHHbIMM; Yucja a, b, ¢
Ha3bIBAIOTCA COOTBETCTBEHHO KO3(@UIIMEHTaMM IIPH IIepeMeHHBLIX M OX-
HOBPEMEHHO He paBHbI HYJIIO (uucja u#0, v Ha3bIBaIOTCA COOTBETCTBEHHO
Koo GUIIeHTaMU IIPY IIePeMEeHHBIX X, Y), YMcJ0 d — CBOOOAHBIM WIEHOM.

YacTHBIMH Cly4asMH TaKUX YpPaBHEHUHM ABJAIOTCA, HaIpuMep:
1) ypaBHeHHe OKpPYXHOCTH (¥ —x,)?+(y—y,)?=r? ¢ meHTpoM B TOUKe

¢ KOOpAMHATAMHU pajguyca (x,, Y,);

2) ypaBHeHMe BHUjJa XY =k, rpa@UKOM KOTOPOr'O ABJsETCA rumnepboJa;
3) ypaBHenme Bujaa x2—y=0, rpadpUKOM KOTOpOro ABJsgeTcA mapaboJa.

I'papuueckoe pelieHHe HEePaBEHCTB C OJHON IepeMEeHHOH

Ina pemenuss HepaBeHcTBa f(x)>g(x) (f(x)<g(x)) rpadbuueckum
Croco60M HaJ0 MOCTPOUTHL Ipabuku PyHrmui y=f(x) u y=g(x) u BuI-
6paTh Te y4acTKM ocu abcuuce, Ha KOTOPBIX rpaduk Gpyrxnuu y = f(x)
pacIoJio}KeH BbIlle (HUKe) rpadpuxa pyHKIIUMN y=g(x).



I'naBa 2. PannonanbHBIe YPABHEHNSA U HepaBEeHCTBA

2.1

2.2

2.3

2.4

2.5

3A0A4YN C PEWLEHUAMU

Peminte ypaBHeHuHe 5x —8=2x+1.
PeweHnune. 3x=9, x=3.

OTtBer: x=3.

Pemnre ypasuenue 7Tx—2(x +3)=5x—6.

PeweHue. Tx—2x—-6=5x—-6, bx—-6=5x—-6, 0=0 — ucrtuHHOE
pPaBeHCTBO BHEe 3aBHCHMOCTH OT 3HaUeHUM mepemeHHoi x. Cie-
JOBATEeJbHO, YPABHEHHE NIpeAcTaBJigeT co00il BepHOe PaBEHCTBO
IIPH BCeX 3HAYEHUAX X.

OTBert: R.

Pemure ypaBHenue 11x—4=2x+3(3x+1).

Pewenne. 11x—-4=2x+9x+3, 11x-4=11x+3, -4=3 — n0x-
HO€ PaBeHCTBO BHE 3aBUCHMOCTH OT 3HAYEeHUH NepeMeHHOH x,
IIO3TOMY MCXOZHOE ypaBHEHHE He MMeeT pelleHHii.

OTBeT: HeT pelleHUuH.

Pemure ypaBHenue x2+3x—10=0.

PeweHune. Bocnoab3dyemcsa teopemoir Buera:
{x1x2=—10, [x1=—5,
x,tx,=-3; |x,=2.

OtBeT: —5; 2.

HaiiguTe HauMeHBIINI KOpeHb ypaBHeHHA x2—5x+6=0.

Pewenne. Bocrnosibdyemca teopemont Buera:

xX,x,=6, x,=3,
X, +x,=95; xX,=2.

OTBerT: 2.



3agayy ¢ peleHuAMHU

2.6

2.7

2.8

Pemure ypaBHeHne x2—13= 3i : ‘112 .

PeweHue.
x2-13=3,

{ x2=16, x=—4, x=4 — TOCTOPOHHUI KOPEHb.
x#4;

OTtBeT: —4.

Pemure ypaBHeHue x3—7Tx—6=0.

PeweHnue. Pemum ypaBHeHHMEe METOZOM pAa3JOXKEHUS HA MHO-
AHKUTETH.

x3-x—-6x-6=0, x(x2-1)-6(x+1)=0,
x(x—1)(x+1)-6(x+1)=0, (x+1)(x(x- 1)—6)=O,
(x+1)(x2-x-6)=0,

x+1 =0, xi:;’
x2—x—-6=0, =%
x = 3.

OtBeTr: -2; —1; 3.

Pemure ypaBaeHue x8+15x4—16=0. B oTBeTe ykaxkure cymmy
KOpHeH ypaBHEHUA.

PeweHune. PemmuMm ypaBHeHHEe MeTOLOM BBeJeHHUs HOBOM Iepe-
MEeHHOM.

IIycts xt=y, y>0. Torma McXogHOe ypaBHEHHE IPHUMET BHJ:
y?+15y—-16=0.

y,=-186,

IIo Teopeme Buera, moaydum: [ 1

Y,
y,=-16 He ynosnerBopsier ycaoBuio y>0.
x=1,

Takum o6pa3om, umeem: xi=1, [x——l

Hckomas cyMMa KOpHe# ypaBHeHusa paBHa 1+(—1)=0.

Oteer: 0.



I'naBa 2. PannoHajnrHble ypaBHEeHUA M HepaBEHCTBA

2.9

2.10

2.11

HaiiauTe K0oJM4eCTBO pelleHNI ypaBHEHUA |x2 -6|x| | —a=0 npu
a e(0; 9).

PeweHune. Pemum 3agauy rpapuueckum metrozom. Ilepenumiem
ypaBHenue B Buze: |x2—6|x||=a. IToctpoum B oxHo# KoOpZH-
HATHOM ILIOCKOCTH Trpaduky dynkumui y=|x2-6|x||, y=a. Ha
puc. 2.2 npeacrasjeHbl rpapuku obenx ¢pynrmuii. Ilo puc. 2.2
BUJIHO, UTO IpaAMadg yYy=a U rpapuxk QyHKIUN y=|x2—6]x|l
umeroT npu a € (0; 9) mects Touek nepeceuenusn. CieqoBaTeLHO,
HCXOJHOe ypaBHeHUe uMeeT 6 pellleHUIt.

YA
9

- — - — —_— e e - — ——— -

A A

Puc. 2.2
OTteBerT: 6.

Pemure HepaBeHcTBO 17x —3(2x+6)>-T.

PeweHnune. 17x—-6x—-182>2-T7, 11x>11, x=>1.
Otser: [1; +00).

Pemure HepaBeHCTBO Hx — x2>4.

PeweHune. PemminmM HepaBeHCTBO METOAOM HHTepBaJIoB. [liasa 3To-
ro ImepeHecéM Bce cjaraeMble B OLHY CTOPOHY, OCTaBHUB CIIpaBa
HYJIb, 1 Pa3JIOKUM JIEBYIO YaCTh HepaBeHCTBA Ha MHOXKUTEJIM:



3ajauyy C pelIeHUAMH

2.12

2.13

x2-5x+4<0, (x-1)(x—4)<0.
Ha uucioByI0o Och HaHECEM B NMOpPAAKe BO3- T +
pacraHusi. PaccTaHOBKA 3HAKOB HAUHUHAET- 1 4 X
CA cupaBa co 3HaKa «+». KpuBasa 3HaKoB
n3obpakeHa Ha puc. 2.3.

Oteer: (1; 4).

PemuTte HepaBeHCTBO _—S—w< —-2.

4x2-16
PeweHune. Pemnm HepaBeHCTBO MeTOAOM HHTepBaJioB. Ilepe-
HECEM BCe cjlaraeMble B OJHY CTOPOHY, OCTaBUB CIIpaBa HYJb, U
Pa3JIO}KHUM UYHMCJINTEJb M 3HaMeHaTeJb JIeBOM 4acTH HepaBeHCTBa

Ha MHOXXHUTEJH.

+ +
~8x2+30 +8x2— 32 _9 A
Cx-a)2x+d) 0 Px-dExed) -
(2x—4)(2x +4)>0, (x—2)(x+2)>0. Puc. 24

Ha uucsoByio och HaHeCéM B MOPAJLKEe BO3PACTAHUA X, =—2; X,=2.
PaccTaHOBKa 3HAKOB HauWHAaeTCA CIIpaBa co 3Haka «+». KpuBasa
3HAKOB H3o0pa’keHa Ha puc. 2.4.

OTtBeT: (—00; —2)U(2; +00),

N3o6pa3uTe MHOMKECTBO TOYEK IJIOCKOC- = [~ ~ gk
TH, KOOPAUHATEI KOTOPHIX YAOBJIETBOPAIOT :
ypaBHeHUIO x2+y2=4,

PeweHune. JlaHHOe ypaBHeHHe fABJISAET-
cAd YpaBHEHMEM OKPYKHOCTU C IIEHTPOM
B HauaJjie KoopAuHaT paauyca 2. MHo-
JKeCTBO TOUYEK IIJIOCKOCTH, KOOPAMHATEHI
KOTOPBIX YAOBJETBOPAIT 3aJaHHOMY
ypaBHEHHIO, IIpeJcTaBJIeHO Ha puc. 2.5.

..................................

OTtBeT: cM. puc. 2.5.



I'nmaBa 2. PannoHajibHEIe YypaBHEHUA M HepaBeHCTBA

2.14 HMN300pa3uTe MHOXKECTBO TOYEK IIJIOCKOCTH, KOOPAUHATHI KOTOPBIX
YIOBJETBOPAIOT ypaBHeHUIO X +y—2=0.

PeweHune. JlaHHOe ypaBHEHHE ABJSAETCSA ypaBHEHHEM NPSIMOMH,
nepecexaomneif KoopauHaTHele ocu B Toukax (0; 2); (2; 0). Muo-
JKECTBO TOUEK ILJIOCKOCTH, KOOPAMHATHEI KOTOPHIX YAOBJIETBOPSIOT
3aJaHHOMY YpaBHEHWIO, IIPEeJCTaBJeHO Ha puc. 2.6.

OrtBeTt: cMm. puc. 2.6.

BA30BbLIE SAOA4NA

2.15 VYmnpocTtuTe BEIpakeHUe: ‘:’:__—x. OTeer: " f3x .

2.16 CoxpaTture ApoOh: 22"}+::m_1 OTBeT: 40.

Pewute ypaBHeHue.

2.17 11x-3=2(5x+57)+x. OTBeT: HeT pelleHui.
2.18 x2-Tx+6=0. OTBeT: 1; 6.



BasoBrie 3agaun

2.19

2.20

2.21

2.22

2.23

2.24

2.25

2x2-3x+1=0. Oreer: 0,5; 1.
x3—-19x-30=0. OTeer: —-3; —2; 5.
OnpefesuTe KOJUYECTBO pellleHUit ypaBHeHUA x|x—4|=—a mpu
a € (—4; 0).

OrtBeT: 3.

Ha xoopanHaTHOU IIPAMOIT OTMeYeHbI TPH 4YUCia X, Y, 2 (puc. 2.7).

-~ . L '
Y F4 x

Puc. 2.7

BribepuTe BepHOe yTBepXKAeHHE U B OTBeTe YKa’KUTe ero HoMmep.
1. x—-y>0; 2. x—-y<0; 3. 2—y<0; 4. x—2<0.

OTBer: 1.

YKaXuTe ABa COCEIHUX HATYPAJbHBIX YHCJA, MEXKIY KOTOPHIMH
3aKJIIOUEHO Yuciao Ty2.

Oteer: 9; 10.

PemuTe HepaBeHcTBo 13x +4(3x+6)<—1.
Oreer: (—o0; —1].

Pemnte HepaBeHCTBO -4

Oteet: (—00; —2)U(2; +00),

MocTpoinTte rpadukn ypaBHEeHUMN.

2.26

2.27

y—x=0.

y+x=0.



I'maBa 2. PanuoHaJIbHBEIE YpPaBHEHUS M HepaBeHCTBa

2.28 2x+y= 2.
_Yy_
2.29 x 5 4.

2.30 xy—1=0.
231 xy+1=0.
2.32 x2+y-1=0.
2.33 (x+52+(y—12-1=0.
2.34 x2+(y—-2p2-4=0.
x2  y?

2.35 —4—+Z—4=0'

SAOAYN 1A CAMOCTOATEJIbHOINO PEWWEHUA

a2 b2 a2_b2
2.36 VYmupocTure BbIpa)keHHe: w b ab

213m+2

2.37 Coxparurte ApoOb: gom -2 qam 1"

Pewunre ypaBHeHuUS.
2.38 17x—2(x—3)=5x—24.

2 1 4
2.39 2—x+2_2x—x2°

2.40 |[x-1|=5-2x.



Bap;atm AJA CAMOCTOATEJBbHOI'O PEIIeHUA

Hanaute HanMeHbLWNA KOPEeHb YPaBHEHUS.

2.41

2.42

2.43

2.44

2.45

2.46

2.47

2.48

2.49

2.50

x2=9,

x2—-4x=0.

x2+2x=3|x+1|-3.

Haiigure HanbGoabIMING KOpeHb ypaBHeHusa x3—3x+2=0.
OmnpenennuTe KOJMYECTBO PellleHNi ypaBHEHUS |x2 -3|x|+1 | =1.

OnpefenuTe KOAUYECTBO PelIeHUi ypaBHeHus x|x—4|=-a npu
a>0.

Ha xoopauHaTHO# IpAMOII OTMeUeHbI TPU YUCJIa X, Y, 2 (puc. 2.8).

&

° o >
4 y

Puc. 2.8

BriGepuTe BepHOE YTBep:KAeHNE U B OTBETE YKAXKHUTEe ero HoMmep.
1. x-y>0; 2. x-y<0; 3. 2—-y>0; 4. x—2>0.

VKaxuTe 1Ba COCeJHUX IIeJNbIX YHC/IA, MEXKAY KOTOPHIMU 3a-
KJIIOYeHO Yuciao 243.

VYxaxuTe OBa COCEIHUX IIeJbIX YHCJIA, MEXJIY KOTOPBIMH 3a-
KJIIoueHo uucyo —V10.

Haiigure HanGosbliee 3HaAYEHNE X, YAOBJIETBOPAIOIIEE YCIOBUIO
19x+4(3x+6)<x—6.



I'maBa 2. PanuoHasibHEIE YPABHEHUSI 1 HepaBEeHCTBA

2.51 Halintute HauMeHbIllee Iejioe 3HaYeHHE X, YAOBJETBOPAIOIIee

6 81
YCJOBHUIO 3X +5 <%

2.52 IIpu KaKux 3HAUEHUAX X BEPHO HepaBeHCTBO x2—4x+4<0?

2.53 Ormpenenunre, Ha KaKOM M3 PUCYHKOB (puc. 2.9) mpejcraBjieHa
OKPYXXHOCTb, ypaBHeHHe KoTopoit mmeer Buja x2+(y—2)2=9.
VkaXnTe HOMEp NPaBUJIBHOTO OTBETA.




Bap;atm AJA CaMOCTOATEJBbHOI'O peIIeHnsA

2.54

2.55

2.56

Ha puc. 2.10 npeacrasiieH rpauk
ypaBHEHU.

Onpenennre, rpadpuKk KaKOro ypas-
HEeHUs IpeACTaBJIeH HAa PHUCYHKe.
B oTBeTe yKakuTe HOMep IIpPaBUJIb-
HOTO OTBeTA.

1. xy—1=0;

2. x2+(y+2)2=9;

3. (x—12+(y+2)2=9;

4. (x—1)2+(y+2)2=3.

Puc. 2.10

Ha puc. 2.11 npexacraBiesn rpa®ux
ypaBHEHUS.
Onpenenure, rpaduK KaKoro ypas- y4
HEeHUs IIpeJCTaBJeH Ha pPHCYHKe.
Yka)xuTe HOMEep HpPaBHUJILHOTO OT-
BeTa. 0,
1. xy—1=0; \01\ 1 ;C)
2. x2+(y—2)2=9;
3. (x+1P+(y—2)2=3; \
4, g2 _o Puc. 2.11

x—2
Ha puc. 2.12 npeacrasiien rpapuk
ypaBHeHudA. Omnpegenute, rpapuk ¥4
KaKoro YpaBHEeHHA IIPeACTaBJieH Ha 1
PHUCYHKe. YKa)XHUTe HOMEp IIPaBUJIb- / \
HOT'O OTBETA. i
1. xy+1=0; \ / 1
2. |x|+|y|=1;
3. x2+y%?-1= 0;
4. x+y+1=0. Puc. 2.12



I'maBa 2. PanmuoHasbHBEIE YPABHEHNSI ¥ HEPaBEHCTBA

2.57

2.58

2.59

2.60

Ha puc. 2.13 mnpeacraBjeH rpad@uk ypaBHe- YA
Hua. Onpepenure, rpadpuK KaKOro ypaBHEHUSA
IIpeJcTaBJieH Ha PHUCYHKe. YKa)XHUTe HOMep
IIPaBUJILHOTO OTBETA.

1. x-y+1=0;

2. |x|-|y|=1;

3. x2—-y2=0; Puc. 2.13

A A3

4. xy=-1.

OnpefenuTe KOOPAUHATHI IIEHTPa OKPYKHOCTH, 3aJaHHON ypaBHe-
aueMm (x—1)2+(y+ 3)2=16. Ykaxkure HoMep NMPaBUJILHOIO OTBETA.
1. (-1; 0); 2. (0; 3); 3. (1; —3); 4. (0; 0); 5. (—3; 1).

Onpenennte paguyC OKPYXHOCTH, 3aJaHHOM ypaBHEeHHEM
(x +41)2+(y—13)2=25. YKakuTe HOMep IPABUJILHOTO OTBETA.
1. 1; 2. 5; 3. 0; 4. 41; 5. 13.

Onpesennre paguyc OKPYMKHOCTH, 3aJaHHOH ypaBHEHUEM
(x—-1)2+(y+13)2=121.



NABA 3

CUCTEMbl YPABHEHUW
N HEPABEHCTB

OCHOBHbIE TEOPETUYECKUE CBEAEHUA
CuctemMbl ypaBHEHUI
CuctemMbl HepaBEHCTB

Mpadmueckan nHTEpnpeTaums peleHns CUCTEMbl YypaBHEHUN
U CUCTEMbI HEPaABEHCTB C ABYMA NepeMeHHbIMU

PelleHne TekcToBbIX 3aaay anrebpanyeckmm cnocobom
3AJA4YUN C PELLEHUAMU
BEA3O0BbLIE 3A0A4YU

3A0AYUN N9 CAMOCTOATEJSIbHOIO PEWEHUA



OCHOBHbIE TEOPETUHECKWME CBEOEHUA

Cuctembl ypaBHeHUMN

Cucrtema AByX ypaBHEHHMIl C OTHOM NepeMeHHOM

B ToM ciyuae, KOorga Haj0 HAWTH 3HAYEHWUs MePeMEHHOM, OZHO-
BPEMEHHO Y/JOBJIETBOPAIOINE 000MM 3aJlaHHBIM yPaBHEHUAM, TOBOPSAT,
YTO 3ajJlaHa CHCTeMa ypaBHEHUM.

CucreMsI IByX ypaBHEHHH C IBYMS IlepeMEHHBIMH
IIycTer maHBI ABa yPaBHEHHUS ¢ AByMdA IepeMeHHBIMHU: f(x; y)=0 u

g(x; y)=0. B ToM ciyuae, ecIiM HaZi0 HANTHU Bce OOIIUE pPELIEHUS ABYX

VPaBHEHU ¢ ABYMA IepeMeHHLIMH, I'OBOPAT, YTO HAAO PEIIUTh CHC-

TeMy ypaBHeHHUi. PerieHnem cucreMbl ypaBHeHHMIl Ha3bIBaeTCA mapa

3HAYEHNI TNepeMeHHLIX, ofpamiammniasgd B BEePHOE PaBEHCTBO KaXJIoe

ypaBHeHUe cucrteMmbl. I[Ja 0003HAUYEHUSA CHCTEMBI NPUHATO HCIOJb-
30BaTh (UT'YPHYIO CKOOKY.
MeToabl pellieHUs CHUCTEM M3 ABYX YpPaBHEHUH C ABYyMs IIepeMeH-

HBIMMU:

1) wmeTox moacTaHOBKM;

2) MeTOoJ CJIOXKEeHW;

3) MeTox BBeJeHUS HOBBIX IIePEeMEHHBIX (MOXKEeT MPUMEHATHCA OTHUM
13 CJeAYIOIINX CIIOCO00B: a) BBOAUTCA OJHA HOBaA IepeMeHHad
TOJBLKO [OJA OLHOTO YpaBHEHUS CHUCTeMbl; 6) BBOAATCA JBe HOBhLIE
IepeMeHHbIe cpady AJA oboux ypaBHEHUM);

4) MeTox YMHOXKEHUH;

5) wmeToj AesieHUA (MOXKET IIPUMEHATHCA OZHUM U3 CJAeAYIOLINX CIIOCO-
00B: a) TOKa3bIBAeTCA, YTO BhIpakeHHe, Ha KOTOpOe IMPOU3BOAUTCH
JeJieHre, OTJIMYHO OT HyJif; 6) B OTAEJBLHOM CJIydae pacCMaTPHBAETCSA
BO3MOYKHOCTL BbIPQKE€HHA, Ha KOTOpPOe IMPOU3BOAUTCS AeJieHne ObITh
PaBHBLIM HYJIIO, B IPYI'OM CJIydae TaKasg BO3MOYKHOCTb HCKJIIOYAEeTCH);

6) wMeTonx pellleHUA CIEIHAJbHOIO BHAA CHCTEM: a) OJHODOAHBIX,
06) cuMMeTpHYECKHX;

7) rpad@uyecKHU MeTOJH.



OcHOBHEIE TeopeTHYeCKHe CBeIJCeHHUHA

CucremMbl HepaBeHCTB

CHucTreMbl HepaBeHCTB C OQHOM NMepeMeHHOMH

HeckonbKko HepaBeHCTB C OJHOU IIepeMEeHHON 00pa3yioT CHCTEMY
HepaBeHCTB (00o3HaueHMe — (pUrypHaa ckobka), ecjau CTABUTCA 3a-
Jaya HaWTH Bce pelIeHus, YAOBJIETBOPAIOIINE KaXJoe U3 3aJaHHBIX
HepaBeHCTB. 3HaUYeHUe IIePpeMEeHHOM, TP KOTOPOM Ka’XJoe HepaBeHCT-
BO CHCTEeMbI oOpaljaeTcsi B BepHOe UHCJI0BOe€ HepaBeHCTBO, HAa3bIBAIOT
pellleHeM CHCTeMbl HepaBEeHCTB.

HepaBeHcTBa M CHCTEeMBI HEPaBE€HCTB C ABYMS NepPeMEHHbBIMH

IIycre nano HepaBeHCTBO f(x; y)>g(x; y). Ilapa 3HaueHuil me-
peMeHHBIX, ofpamalomas HepaBeHCTBO ¢ INePEeMEHHLIMM B BepHOe
YHCJI0OBOE HepaBeHCTBO, Ha3bIBAeTCA pellleHMeM HepaBeHCTBa C ABYMA
IepeMeHHBIMH.

HeckoJIbKO HepPaBEHCTB C ABYMS IePeMeHHBIMU 00pa3yIoT CUCTEeMY
HepaBeHCTB, €CJM CTaBUTCA 3ajadya HAWTH Bce Iaphl 3HAYeHUIl mepe-
MeHHBIX, YAOBJETBOPAIONINE KaXJoe U3 3afaHHBIX HepaBeHCTB. Ilapa
3HauYeHUIl NMepeMeHHBIX, oOpamaniiad Kaskjoe U3 HepaBEeHCTB CUCTe-
MBI B BepHOe YHCJ0BOE HepPaBEHCTBO, HA3LIBAETCA pellleHHueM CHUCTEMBbI
HepaBeHCTB € ABYMSA IePeMEeHHBLIMH.

Npaduueckas MHTepnpeTauns peLueHnss CUCTEeMbI
YPaBHEHUA U CUCTEeMbl HEPaBEeHCTB C ABYMS NepeMeHHbIMHU

Ins pellleHUsA CUCTeMbl YpaBHEHU# ¢ AByMsA IepeMeHHBLIMH rpagu-
YeCKHM METOZOM HAaJ0 B OJZHOM CHCTeMe KOOPAMHAT IIOCTPOUTh rpapuKu
YPaBHEHU M HAWTH KOOPAMHATHI TOUEK IlepecedyeHUs 3THUX IrpaduKoB.

ITockoJbKYy mapa AefCTBUTEJNLHBIX YKCEJ OJHO3HAUHO OIIpelessier
TOYKY HA KOOPAMHATHOH IJIOCKOCTH, pellleHre HepaBeHCTBa HUJIHM CHUCTe-
MBI HEPABEHCTB C ABYM# IIePeMEHHBIMU MOXKeT ObITh MHTEpPIPEeTHPOBAaHO
B BHJ€é MHOKECTBA TOYEK KOOPAMHATHON IJIOCKOCTH.



I'naBa 3. CucreMBl ypaBHEHU M HEPaBEHCTB

PeweHue TeKCTOBbIX 3aaa4y anredbpanyeckum cnocooom

IIpo6Gaembl GU3UKU, 3KOHOMHUKHN, XUMHUU U JPYTUX OTpacjieil IIpu-
BOAAT K HeoOXOAMMOCTH peIllleHUs YpaBHEHHN M HUX cHUCTeM (MHOrja
YCJOBUSA peliaeMoN 3alauyd TpeOYyIOT TaK’Ke BKJIIUEHUS B COCTaB
paccMaTpuBaeMbIX cHCTeM M HepaBeHCTB). Cmoco0, mpuM KOTOpPOM pe-
IIIeHe TEKCTOBBLIX 3aJa4 OCYIIECTBJSAETCA IPHU MHOMOIIM YpPaBHEHHH
1 UX CHCTeM, Ha3bIiBaeTca ajareOpamueckum. IIpu pemeHuu 3amauy aj-
reOpanyecKM cIiocoO0M MOJIE3HO MCIIOJb30BaTh CJIAEAYIOIIUN aJITOPUTM:
1) HeunsBeCTHble BeJIHUYUHBI, KOTOpbIe JTUOO TpeOyeTca HAWTHU B 3a]a-

ye, Ju00 OHM HeoOXOAMMBI AJIA OTHICKAHHA HMCKOMBIX BeJIMYMH,

0003HAYAIOT B Ka4eCTBe IIEPEeMEHHBIX;
2) cCOCTaBJAIT ypaBHeHUEe HJIH CHCTEeMY YpaBHEHHH;
3) HaXOOAT pelleHUs ypaBHEHUA HJIN CHUCTEMbI, YAOBJIETBOPAIOIIUE

YCJIOBHUIO 3aJa4u;

4) 1npu NMOMOIIM HAWJEHHBIX peIIeHWHA MOJy4YaloT OTBET Ha IIOCTaB-

JJeHHBIN B YCJOBHHU 3aJauyu BOIIPOC.

3A0A4YN C PELLEHUAMUA

5x—y—-1=0,

3.1 Pemure cucremy ypaBHeHUU {x +y-2=0.

PeweHnue. [Ipumenum metos cioxxkeHusa. ClI0KUB 1IepBOe M BTOPOE

1
ypaBHeHUsd, moayuyuMm: 6x—3 =0, x=3. Iajnee npuMeHUM METOJ

1 3

IMMOJACTAHOBKH, IOJYYUM.: §+y=2, y=3-
. (1. §)
OTeerT: (2, 5"

xy=12,

3.2 Pemure cucremy ypaBHeHUH {x —2y-2=0.



3agauy ¢ pelmeHUuAMH

3.3

3.4

PeweHnue. IIpumMeHUM MeTOJ IOACTAHOBKHU, MOJYYMNM:
{(2y+2)y=12, {y2+y—6= 0,

x=2y+2; x=2y+2;
y=-3, — y=-3,
x=2y+2=-4, x=-4,
y=2, y=2,
x=2y+ 2=06; x=6

OTeer: (—4; —3); (6; 2).

x2y+xy’-6=0,
xy+x+y—-5=0.

PeweHnue. IIpuMenuM MeTOa 3aMeHBI IIEePEeMEHHBIX:
xy=a, ab==6,
ITonyuum:

Pemiure cucreMmy ypaBHEHMIT {

x+y=>b a+b=35;
_{a _3) —{xy _3, H;'iliemennn;
b=2; xt+y=2; {y=2;

a=2, xy=2, x=2’
b=3; x+y=3; {y=1.

6TBeT: (1; 2); (2; 1).

OmnpesennrTe KOJINYECTBO pelIeHUN CHUCTe-
Mbl ypaBHEHUM

y=0,6x2
(x—2,5)2+y2=6,25.

PeweHnune. Peminm 3amauy rpaduuyecKum
crnocobom. 1A HaXOMIAEHUSA KOJHNYECTBA
pellleHUI CCTeMbI ITIOCTPOUM B OJHOUM KOOP-
ANHATHOM IJIOCKOCTH IpaMKU ypaBHEHUM
y=0,6x2 u (x-2,52+y2=6,25 (puc. 3.1).
I'padukom ypaBHenus y=0,6x2 asnserca




I'maBa 3. CucremMhl ypaBHeHHIT 1 HepaBeHCTB

3.5

napa6osa. I'padurkom ypaBuenus (x—2,5)%+y%=6,25 apnsaerca
OKPY>XHOCTBb C IIeHTpoM B Touke (2,5; 0) paguyca 2,5.

N3 puc. 3.1 BugHO, uTo rpa@MKHN ypaBHEHUI IIepeceKalTcs B
nByx Toukax. [IoaTomy cucTeMa UMeeT ABa pelleHHs.

OteeT: 2.

3x+4>2x+5,
Peminte cucreMy HepaBEHCTB < 5 — 3 <0
4 — x2

PeweHune. [[s1a Toro 4tobbl pelInThb CHUCTEMY HepaBeHCTB, HAJO
PEeIINTh OTAEJbHO KaKJoe N3 HepaBeHCTB CHUCTEMbI, HaHECTH
IITPUXOBKOM HA YMCJIOBYI0O OChb NIPOMEXYTKH, ABJIAIONIHECHA
pelleHusIMHN KaXJ0oro M3 HepaBeHCTB. B oTBer 3ammucarh Iepe-
ceuyeHHe ITIOJYUYEHHBIX IIPOMEXYTKOB.

PaccmoTpuM mepBoe HepaBeHCTBO: 3x +4>2x + 5. ITO HepaBeHCT-
BO JIMHeHHOe, pelllasd ero, mojayumm: x> 1.

4 —x?
pamMoOHaJIbHOE; PelIuM ero o000IEHHBIM MEeTOJOM HHTEPBAaJIOB.
HOns aToro pasJosKMM 3HAMEHATeJb Ha MHOMKHUTEJIU:

5x—8 5x—8
C-02+0 0 G-2x+2)”
HanecéM Ha YHCJIOBYIO OCh B IOPAAKE BO3pPaCTaHUSA HYJIU PYyHK-
WA YUCJANTENA U 3HaMeHaTeJid, M300pa3MM KPHUBYIO 3HAKOB
U OTMETHM LITPUXOBKOH IpoMexyTKH x e (—2; 1,6]U(2; +00),
ABJIAIONINECA pellleHHeM 3TOro HepaBeHcTBa (puc. 3.2).

////////////////// ////, ///////////// X

Puc. 3.2

PaccmoTpuM BTOpOE HepaBEeHCTBO: < 0. 9TO HepaBeHCTBO

///////////////// //o, //////////// d

2 1
Puc. 3.3



3ajayy ¢ pelIeHUAMH

3.6

3.7

B peayabTraTe mepecedeHUs peIllIeHUH IIEePBOrO M BTOPOro Hepa-
BeHCTB (puc. 3.3) moayuum mpomexyTok x € (1; 1,6]u(2; +o0).

Oreet: xec(1; 1,6]U(2; +00).

3x—-1 1
5-x T

Haiigure ob6nacts onpeaeseHUs QyHKIUU Y =

Pewenune. O6sacTh onpenesieHUA JaHHOM (PYHKIIMM OIIpelesiseTca

. 93X-—
KaK COBMECTHOE BBINOJIHEHHE YCJIOBHH: — 20 x#1.
Takum oOpa3oM, HaJAO PEUIUTH CJAEAYIONIYI0O CHUCTEMY:
3x-1
— 20,
x#1.

IlepBoe HepaBeHCTBO E 2 (0 pemimM MeTOAOM HHTEPBAJIOB.
PaccraHOBKa 3HAKOB B JAaHHOM CJiydyae HauYMHaeTCA CIpaBa Cco
3HaKa «—». H3o0OpakeHNe KpPHUBON 3HAKOB

M LITPUXOBKA PellleHUs 3TOro0 HepaBeHCTBa + .
n3o0paxeHa Ha puc. 3.4. ] S
VYuyuThiBasg BTOpPOE YCJIOBHE CHCTEMBI X #1, 3

1
OKOHYATEJIbHO IOJYYaeM: |3 1ju(1; 5). Puc. 34

Orser: [%, 1)u(1; 5).

MN306pa3uTe Ha KOOPAUHATHOM IIJIOCKOCTH MHOXKECTBO peIlleHUuH
CHCTEeMbl HEPaABEHCTB

(x—1)2+(y + 2)2 < 25,

{y 22x+1.

PeweHnue. IlocTpouM Ha KOOPAMHATHON IIJIOCKOCTH Trpaduk
ypaBHeHus (x—1)2+(y+2)2=25. 'papukom 3TOro ypaBHEHUA
ABJIIETCA OKPYKHOCTh ¢ meHTpoM (1; —2) paauyca 5. ITocrpoum
Ha KOOPAMHATHOM IIJIOCKOCTHM rpadumk ypaBHeHuHs y=2x+1.



I'maBa 3. CucreMnbl ypaBHEeHHH M HepaBeHCTB

3.8

I'padbuxom aToro ypaBHeHUNA ABJsgeTca npAmasa. 06jacTb, COOT-
BeTCTByOIIaa HepaBeHCTBY (x —1)2 + (y + 2)2 < 25, npexcraBasger
coboit xpyr 6e3 rpaHumnbl. O6jsacTh, COOTBETCTBYIOLIad Hepa-
BEeHCTBY y=>2x+ 1, pacmoJjiokeHa Bblllle npamModt y=2x+1 u
BKJIIO4YaeT B cebsa camy oty npamyro. M3o06pasum atu objsactu
IITPUXOBKOM HAa KOOPAMHATHOM MJIOCKOCTH. IlepeceueHue aTux
obJlacTel 1 ABAAETCA UCKOMOM 006J1aCThIO, KOTOpas n3obpakeHa
Ha puc. 3.5.

Puc. 3.5

OTBeT: HcKoMas 00J1aCTh KOOPAMHATHOM IIJIOCKOCTH IIpeicTaBjeHa
IITPUXOBKOM Ha puc. 3.5.

?

HpH KaKNX 3Ha4YeHNAX IapamMeTrTpa a CHcreMa

o y<a
He MMeeT pelleHui?

{y >|x2-6|x|
Pewenune. Ha puc. 3.6 mpeacraBiieHbl rpadpuku ypaBHEHMH
y=|x2—6 x||, y=a. MHOecTBO TOUYeK KOOPAMHATHOH IJIOCKOC-
TH, YAOBJIETBOPAIOIIlee HEPABEHCTBY Y > |x2—6|x| , PacIIOJIOXKEeHO
BHIIIIe KPUBOM, OIpefAeAeMO YpaBHEHUEM Y = x2—6|x| , BKJIIO-
yasag caMy KpuBYI0. MHOXeCTBO TOUEK KOOPZHMHATHOM IIJIOCKOC-




3azayu ¢ pelmeHUuAMH

3.9

TH, YAOBJIETBOPAIOIIlee HEPaBEHCTBY U <da, PACIIOJIOXKEHO HUMKe
IIPSAMOM, ompeaessgeMoll ypaBHeHHEM Y =dad, He BKJIOYasg camMy
npamyoo. IloaTtomy cucrema He mmeeT OOHIMX TOYEK IIpH 3HA-
yeHUN napamerpa a < 0.

A A

Puc. 3.6

OtBer: a<0.

5
HYTBIHBCTBGHHHR IIpoexajyl Ha aBTOMOOU.IE § IIyTH, 1mocJje 4ero

aBTOMOOUJIL IIOJIOMAJICA, U NYyTellIeCTBEHHUK OLII BBIHYKIEH
IIepececTb Ha APYroi aBTOMOOHJIb, CKOPOCTHh KOTOPOI'O MeEHbIIIe
nepBoro aBromobmisa Ha 20 km/4. Iloe3gka Ha mepBOM aBTO-
moOuJyie morpeboBajia y myTelllecCTBEeHHHKAa Ha 15 MuH 6oJbiie
BpeMeHH, 4yeM Ha BTopoM. OmpejesnTe CKOPOCTH KaXXAOro aB-
TOMOOMJISI, €CJIM Bech IyTh cocTaBisger 160 K.

PeweHue. O0603HaYNM 4Yepe3 X — CKOPOCTH IIEPBOI'0 aBTOMOOMJIA,
yepe3 J — CKOPOCTH BTOpOoro aBromobmiA. Tak Kak mo ycJaoBHIO
3alay¥ CKOPOCTh BTOPOI'0 aBTOMOOMJIA MEHBLIIIE CKOPOCTH IIEPBOrO
aBTomMoOmIa Ha 20 KM/4, TO UMeeT MeCTO CJeAyIolliee ypaBHEeHUe:
y=x—20. BpeMa moe3gxku Ha II€PpBOM aBTOMOOHJIE COCTABHJIO



I'maBa 3. CucreMBl ypaBHEeHNII M HepaBeHCTB

g' 160
+ 4> & BpeMA I0e3JKH Ha BTOPOM aBTOMOOMJIE COCTaBHJIO
g- 160
” y, Tak KaK 10 yCJOBUIO 3aJlayM Ha II€PBOM aBTOMOOHJIE
nyTeniecTBeHHUK exaJy Ha 0,25 uyaca moJbilie, 4eM Ha BTOPOM,
g' 160 % 160
TO MMeeT MeCTO CJeAylolliee ypaBHeHUe: x 7 =0,25.
Taxum o0pa3oM, MoJydyaeM CJOEAYIOLIYIO CHCTEMY YpPaBHEHHM:
y=x-—20,
°, 160 3, 160
8 8 _o0,.25
X Y =
Pemasa 3Ty cucreMy MeTOAOM IOACTAHOBKH, IOJYUNM:
(y=x—-20, y=x—20,
1100 __60 __ .25 )100(x-20)-60x 1
x x-20 x(x - 20) 4’
<Zo=x;o2:(; y=x-20,
X 2P D 1. 14(40x-2000)=x(x — 20);
\ x(x - 20) 4 ’
{y =x—-20=60,
y=x—20, x =80;
x2—180x + 8000 = 0; y=x-20=80,
x=100.

Hrak, Mbl ©MeeM JABa OTBETa: CKOPOCTh IIEPBOT0 aBTOMOOHJIA
80 km/4, BTOporo aBromoomas 60 KmM/4; CKOPOCTh IIE€PBOrO aB-
tromobusss 100 km/4, Broporo aBromob6masa 80 Km/u.

OTtBeT: cxKopocTh nmepBoro asromobuasa 80 KM/4, BTOPOro aBTOMO-
onna 60 km/4; ckopocTh nepBoro asromobuasa 100 xkm/u,
BTOporo aBromoduya 80 xm/u4.



Bas3oBrle 3azauu

BA30OBbIE SAIAYU
Pewute cucremMy ypaBHEeHUMN.

x+2y—-3=0,
310 Y54-y-—4=0.

Oteer: (1; 1).
x2-13x-4y=0,

3.1 y?-4x-13y=0.

Oteert: (0; 0); (17; 17); (-3; 12); (12; -3).
3y?-2xy =160,

3.12 {y2—3xy—2x2=8.

Orser: (2; 8); (—2; -8); (-8,5; 5); (8,5; —5).
x+y=1,

3.13 xt+yt="1.

1+vV5 1—\/5). (1—\/5. 1+v5

2 2 2 2

OTBeT:

x+2y+2—-8=0,
x+y+2z2-9=0.
Orser: (1; 2; 3).

2x+y+2-7=0,
3.14

Onpenenute KONMMYECTBO peLleHU CUCTEeMbl YypaBHEHUA.

3x—-y-1=0,
315 3x-y-4-=0.

OTBeT: HeT pellleHH.
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Tx—y=25,
3.16 { Y

Tx—y-5=0.
OT1BeT: 0eCKOHEYHO MHOIO pellleHW# (IpsAMas pelleHU# ¢ ypaB-
HeHMeM Tx—y—5=0).

2x+y—-5=0,
3.17 y-|x—1/=0. Orser: 1.
x+y=2,
3.18 x3—y=0. Orser: 1.
Pewurte cucremy HepaBeHCTB.
x2+.7c—4>1
3.19 x ’ OteeT: (—2; 0)U(2; 8).
x2<64.
x2-5x+202>0,
8.20 \,»_g.<o. Otser: [0; 8|.
(9.2 _
3xx21x1+8>1’
3.21 | Otser: (1; 6).
33(32—7x+8_2<0
L x2+1 )
'2x+5<9,
2x+5>1
. < ’ : (—1; 2].
3.22 4-x>1, OTeeTt: (—1; 2]
4 —x <35.

3.23 Haigure obaacTy ompeneneHusa PyHKIIUU
y=Vx2-x-2-2x—x2+3.
Oreer: {-1}U[2; 3].




BaszoBrle 3agmaun

3.24 Haiigurte o6aacTh onpeaesieHUA QYHKIIUHN

y=Vx2—x — V3x—x2 -

x
Vx2-3x+2 "

Oteer: {0}uU(2; 3].

N300pa3ute Ha KOOPANHATHOW NJIOCKOCTU MHOXECTBO peLueHUun
CUCTEeMbl HEpPaBEeHCTB.

2x—4<y,
3.25 4-x>y.

x—-2<y,

3.26 1,24 2-16<0.

x—1<y,

3.27 1212 g<o.

3.28 |,24(y-12-1<0.

3.29

{
{
{ x2+1>y,
s

y<2x+1

3.30 IIpu Kakux 3HaYEeHHUAX IMapaMeTpa a ypaBHEHHeE
|lx-5|(7T—x)+a=0
“MeeT TP PAa3JUYHBIX KOPHA?
OTeet: ac(-1; 0).

3.31 Ilpu Kakumx 3HaUEHUAX IIapaMeTpa @ ypaBHeHHe
2x2+2(a—-5)x+17=>5a
NMeeT [Ba Pa3JUYHBIX KOPHA, NPUHAAJEXKAIINX IIPOMEXYTKY
(1; 7)?
OTteer: ac(—5; -3).



I'nmaBa 3. CucreMbl YypaBHEHU M HEepPaBEeHCTB

3.32 IIpu xakux 3HaUEHUAX IIapaMeTpa @ CHUCTeMa YpPaBHEHHUU
x2+(y—a)f-4=0,
{I x|+y-38=0
OteeT: ac{3-2y2}uU(1; 5).

MMeeT ABa PAa3JUYHBLIX pelieHUs?

3.33 Hmeerca pesepByap AJiA BOAbI, KOTOPBIA ABe TPyObl, paborasa
OJHOBPEMEHHO, HAIIOJHUJIU 3a 7,5 yaca. Kakoe Bpemsa mortpe-
OyeTca Ka)XJ0oil U3 TPyO B OTAEJBHOCTH AJIA HAIIOJHEHUS ITOrO
JKe pe3epByapa, eCJM oJHa U3 TPyO HAIOJIHSET Bech pe3epByap

Ha 8 uyacoB OnIcTpeit aApyroi?
OteeTt: 12; 20.

3.34 Hwmeercs aBe MOAeaH, KaTALINECsS II0 3KCIEPHMMEHTAJNIbHOU HOO-
poxkke aaumHoir 120 m. Ob6e momesm MMeIOT IepefHUEe KOJEca
OAMHAKOBBIX AHAMETPOB M 3aJHUE KoJiIeca OJUHAKOBBIX IHa-
MeTpoB. IIpu 3TOM y KaKAOM M3 MOJeJiell AJIUNHA OKPYIKHOCTU
IIepeIHero KoJjeca Ha 1 M MeHbllle JJHNHBLI OKPYYKHOCTH 3aJHEro
KoJieca. {1 M3MeHEHUs XOJa 3KCIePUMEHTa y BTODPOH MOJeau
IJINHY OKPY KHOCTH INepelHero koJjeca yBeamuunaun Ha 0,25 eé
OJANHBI, a IJUHY OKPY'KHOCTH 3aJHEro KoJieca yBeJUUYUJU Ha
0,2 eé mauubl. Ilocse aToro mepeaHee KoOJeCO BTOPOM MOJEJH
clejiajlo Ha TOH ke aucraHuuu Ha 4 obopora OoJbllie, yem
dagHee. Hainure AJHMHBI OKPYXKHOCTEM 000MX KOJIEC IIepPBOM

MOJieJIN, He IOoJABeprineincsa peKOHCTPYKIIHUHU.
OTteerT: 4; 5.

3.35 B snabGopaTopuu mMeeTCA ABa CIIJIaBa 0JIOBa: OJUH CILJIaB ABajlla-
TUIPOLEHTHBINA, APYro — TPHUALATUIPOLEHTHBIN. CKOJBKO
HYJXHO B3ATHL IIePBOT'O0 U BTOPOr0 CIIJIaBOB, UYTOOBI MOJYYHUTH

10 xr HoBoOro cmJjaBa, cogepoxxamiero 27 % oJsaoBa?

OTtBeT: 3 Kr, 7 Kr.



Banatm AJHA CaAaMOCTOATEJBbHOI'O pellIeHnda

3A0A4HN ONA CAMOCTOATEJIbHOINO PELWLEHUA

Onpenennte KONMYECTBO pelUeHUA CUCTEeMbl YPaBHEHUMA.

3.36

3.37

3.38

3.39

3.40

3.41

3.42

3.43

2x+y=1,
x—y=2.

2x+y=1,
x2+(y+1)2=2.

x—3=0,

(x—1)2 +(y+3)2=4.
x2-2x+y?+4y+1=0,
xy—-y—x+3=0.

Haigute cymmy abGcuucc peilieHHs CHCTEMBI YpaBHEHHUM

xt+y=1,
x2+y2=>5,

Haiinute cpesHee apudmernyeckoe abCrucC pellieHUs CHUCTEMbI
ypaBHEHU

x—y=2,
x2+y?=34.

Haiinure cymMmMy OpAMHAT pellleHUA CHUCTEeMbl YPaBHEHHH
x+y=2>5,
y,x_13

X Y 6

Haiinure cpensnee apudmMeTnuyecKoe OPANHAT peIlleHUs CUCTEMBI
ypaBHEeHUN I

x+y=_8,
1 1_2
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3.44 HaiiquTe HauMeHblllee I[eJIoe pellleHre CHUCTEeMbl HEPABEHCTB

x+1<3,
x+120,

3
1—x<0'

3.45 Haiiqure HauMeHbIIlee IIeJi0e pellleHNe CHCTEeMbl HepaBEHCTB

x—3>0,
x2+2>1.

38.46 HaiiauTte HauGosbllee Iejioe pellleHMe CHCTEMbI HePABEHCTB
|x—38|>-2,
lx — 3| <5.

3.47 Haiigute HanboJblllee Iiejioe pellleHHue CHCTeMbl HepaBeHCTB

lx+2|>1,
lx + 2| < 3.

3.48 Haiigute cepeguHy OTpe3Ka, ABJAIOIIErocsa 00J1aCTHIO OIlpejeJie-
HUA PYHKIIUU

_ | xX*—-5x+6
Y {2 -2x-1

3.49 Ompeaenure, CKOJbKO IIEJIBIX YKMCEJ NPUHAIJNEIKUT 006J1aCTH OII-
peneseHNsa QYHKIIUU

_ \/2+x_ \/1_ 2x
Y=4{2—% 2+x°
3.50 Ompeaenure, Ha KaKoM pucYyHKe (puc. 3.7) mpeacTaBjJieHO rpa-

x—y=-1,
x—y+2=0.

(¢nyeckoe pelieHHe CHUCTeMbl YpaBHEHHUIA {

VKaXuTe HOMEpP IIPABUJIBHOTO OTBETA.



3agaun AJA CaAMOCTOATEJbHOI'O peIIeHnsd

~_
)
v&

Puc. 3.7

3.51 Omnpegenure, Ha KaKOM pUCYHKe (puc. 3.8) mpeacraBiieHO Ipa-
xy=1,

¢uyeckoe pellleHHe CHCTEMBl ypaBHEHHU {x by=2

YxaXuTe HoMep NpPaBUJILHOIO OTBETA.

Lo Ky o vy 200 AT T T e 8
2| 3N 7
0 L1 g;
/T
. ..
Puc. 3.8

3.52 Ha puc. 3.9 npeacraBjeHO rpadudeckoe
pellleHHe cHUCTeMbl ypaBHeHuU. Omnpezpenu-
Te, pellleHHe KaKON U3 CJIeAYIOIIUX CHUCTEM
IIPeICTaBJIEHO Ha PHUCYHKe? YKaXute HOMep
IIPaBUJILHOTO OTBETA.

x—-y+4=0, 3x +2y—-5=0,
* | —2x+y=2,5; " |—2x+y+8=0;
x2+y=0, x+y=0,
" ly—-8=0; " |-2x+y=0.



I'naBa 3. CucreMnsl ypaBHeHUHl M HepaBeHCTB

3.53 Ha puc. 3.10 npexacraBieHo rpaduueckKoe pellleHHe CHUCTEeMBI
ypaBHeHuii. Onpegenure, peiieHre KaKOM U3 CJAeAYIOIINX CHUCTEM

IIPEeICTABJIEHO HAa PHCYHKe? YKa)XKure
HOMEp NMpPaBUJILHOI'O OTBETA.

x?-y+4=0,
" |—2x2+y=>5;
x+3y—1=0,
" l—x+ty+4=0;
x2+y—6x=-6,
" lyt+tx=4;
x+y=0,
" lxy=1.

3.54

Y ¥ /R

...........

.................

.................

..............

Puc. 3.10

Onpenmennte, Ha KaKOM pucyHke (puc. 3.11) npeacrasieHo rpa-

duueckoe naoﬁpameHne MHOXeCTBa TOUEeK, KOOPANHATBI KOTOPbBIX

ys—x-2,
YIOBJIETBOPAIOT CHCTEMEe HEepPaBeHCTB y>x-2.
YKaknuTe HoMep IIPaBHUJILHOT'O OTBeTA.
1. Y $ 2. YA 3. A
\ I o — M (x:y)
-9 2 |
3 E
9 X E
0 > 0 x >
Puc. 3.11

3.55 Omnpepenurte, Ha KaKoM pucyHke (puc. 3.12) nmpeacraBjeHO rpa-
(nueckoe n300parkeHre MHOXKECTBa TOYEK, KOOPAUHATHI KOTOPBIX
y= |x| -1,

VIOBJIETBOPAIOT CHUCTeMe HepaBEeHCTB {

Y <

—|x|+ 1.



3anatm AJA CaAaMOCTOATEJNbHOI'O pEeIIeHHn A

3.56

3.57

VYKaXuTe HOMep IIPaBHJIBLHOI'O OTBETA.

1. Yy 2. YA
1
x Z
1 —2 2 ’;
/:i\
Puc. 3.12

A £

I

Ha puc. 3.13 npexacraBieHO rpauuyeckoe n3obpakeHHe MHO-
JKeCTBa TOUEK, KOOPAUHATHI KOTOPBIX YAOBJIETBOPAIOT CHCTEMe
HepaBeHCTB. OnpegennTe, pellleHNe KAKOM U3 CJAeAYIOIINX CHCTEM

IIpeCTaBJI€HO Ha PUCYHKe?
YKaXuTe HOMep IIPaBUJIBHOT'O OTBETA.

1 {y>—x—2, {y>x—2, {y>x—2,

ysx+2; y<x+2; ysx+2;
yz2-x+2, y>x-2,
" ly<x+2; " ly<—x+2.

Ha puc. 3.14 npexacrasjieHo rpaduueckKoe
n3obpakeHne MHOXKeCTBa TOYEeK, KOOPAM-
HAThl KOTOPHIX YAOBJETBOPAIOT CHUCTEME
HepaBeHcTB. OmpenesuTe, peilleHe KaKou
U3 CJEAYIOIUX CHCTEM IIpPeACTaBJIeHO Ha
pUCYHKe?

YKaXuTe HOMEp NMPaBUJILHOT'O OTBETA.

1 {y>—x—2, {y>x—2, {y>x—2,

\

y=2x+2; y<x+2; 7 \lysx+2;
yz2-x+2, y>x+2,
" ly<x+2; Cly<x-2.

Puc. 3.13

Puc. 3.14



I'nmaBa 3. CucremMbl ypaBHEHHII 1 HEPaBEHCTB

3.58

3.59

Ha puc. 3.15 mpeacraBieHo rpadpuyeckoe mn3odOpakeHne MHO-
’)KecTBa TOYEK, KOOPAHWHATHI KOTOPBLIX YAOBJIETBOPAIOT CHCTEME
HepaBeHCTB. OmnpenesnnTe, pellleHHe KaKOM U3 CJEAYIOUIUX CHUCTEM
IIPeCTaBJIeHO Ha PHCYHKe?

VKaKnuTe HOMEpP IIPaBHJILHOT'O OTBETA.

y<|x2—6|x|, YA

y < 6;
5 y>|x2-6|x||,

y—6<0;

y<}x2—6|x| ,

y>6;

X

4 {y>|x2—6xL ~6 0 6 >

y_6<0 Puc. 3.15

HAcnonsaysa puc. 3.16, ycTaHOBUTE COOTBETCTBHE MEMXKIY CHCTE-
MaMH YpPaBHEHUH M YTBEPXKIAEHUAMH O KOJHUYECTBE pellleHU
cucreMm. PeadyabTaTel 3anuiinTe B TaOJUIly, I'Zle B IIePBOH CTPO-
Ke coJepXuTcsa OykBeHHOe 0003HaYeHNEe CHCTEMBI, & BO BTOPOIl
CTPOKe — HOMeEep YTBEP}KIAEHUS.

(x—1P+(y+22=9,
{y—x=m

6)¥x—ni+@+zﬁ=9,

y=2;
{&—1F+@+2V=&
B) x=4.

1. HeT pellleHWUii;
2. IBa pellleHNd;
3. OHO pellleHUe.




38.}.18.‘-!14 AJAHA CaMOCTOATEJIbHOTIO peIIeHndA

3.60 Hcmooabaysa puc. 3.17, ycTaHOBHUTE COOTBETCTBME MEXIY CHCTe-
MaMM YpaBHEHHW M YTBEPXKACHUSIMH O KOJHUYECTBe pelleHUuN
cucreMm. Pe3ynbraThl 3anumiuTe B TaOJHIly, I'lle B IepBOM CTPO-
Ke coliepKuTcsa OykBeHHOe 0003HaUeHNe CHCTeMbI, & BO BTOPOM1

3.61

3.62

3.63

3.64

CTPOKE — HOMEp YTBEpKAEHUS.

( y‘
_2(x+1)_0
a){¥y T2 T
—x=0;
Y 0,
2(x+1) 1+
6){¥ " x-2 O —4 >
3 O\1 x
y=3;
2(x+1)
_—=0,
B) <i_2x‘2 Puc. 3.17

1. Her pemeHuii; 2. ABa pellleHUA; 3. OAHO pellIeHUeE.

I[Ipn xaKux 3HAUYEHMAX lMapaMeTpa @ CHUCTeMa ypaBHEHHH

(x+1)2+y2=1,
MeeT PoBHO 1 pelreHue?

y=|x+1|+a

IIpn xakux 3HaueHUAX MMapaMeTpa @ CHUCTeMa ypaBHEHUM

(x—-12+y2-1=0,
nMeeT 3 pelieHuA?

y=—|x-1|+a

HpPI KaKNX 3HaAaYeHnAX napamMerpa a CucreMa HepaBEeHCTB

at+x>0,
at+x<2,

< nMeeT poBHO 1 pemrenmne?
la—x|<1

IIpn xaKux 3HAYEHMAX IIapaMeTpa a CUCTeMa HepaBEHCTB

(x—1)24+y2<1,
“MeeT poBHO 1 perreHune?

y=>(x—1)2+a



I'maBa 3. CucremMbl ypaBHeHHiT 1 HepPaBeHCTB

3.65

3.66

3.67

IIpn KakuxX 3HAUYEeHUAX IlapaMeTpa a ypaBHeHUe
x2—2ax+2x—a+1=0 uMeeT KOpPHH Pa3JNUYHBLIX 3HAKOB?

IIBoe MmasiApoB MoKkpacusu 3a6op 3a 8 yacoB. Paborasa oraenbHo,
OOIMH M3 HUX MOXKEeT MOKpacHTh MOJOBHUHY 3TOoro 3abopa Ha
6 uacoB ObIcTpee ApPYroro. 3a CKOJBKO YacOB KaMJIAbIA MaJAp
MOJKET CAMOCTOATEJbHO IIOKpPacuThb 3abop?

JIBe KOMaHABI BOAHbIX TYPHUCTOB OTILIBLLIN M3 JIareps II0 TeYEeHHUIO
pexKu B NIYHKT HadHaueHusa. IIpu 3Tom ogHa KOMaHJa mepeaBU-
rajach Ha KaTepe, a Apyras — Ha MOTOPHO# Jogxke. Komanpa,
IIJILIBIIIAS Ha KaTepe, IpeojoJiejia pacCTOAHHE B IIOJITOpa pasa
ObIcTpEee KOMaHAbI, MJLIBIIEH HAa MOTOPHOM JIOAKe, IIPH 3TOM
MOTOPHAasA JOJKAa Ka)XJAbIM uYac OTcTaBajla OT KaTepa Ha 8 KM.
BosBpamasace Ha3ajg B Jjarepb, KOMaHjJa, IJIBLIBIIAA Ha KaTepe,
IPUILIbIJIA B 2 pada ObICTpee, YeM KOMAaHJAa, IIepeMeliaBIIasacs
Ha MoTOpHOM Joake. Havaute coOGcTBeHHBIE (B CTOAYEH BOjAE)
CKOPOCTH KaTepa M MOTOPHOW JIOAKH.



NNMABA 4

YNCJ10OBbIE NOCIEOOBATEJIbHOCTH

OCHOBHbIE TEOPETUHECKWE CBEAEHUHA
NoHATMe YncnoBon NocnenoBaTenbHOCTU
ApndpmeTnyeckas nporpeccus

feoMeTpuyeckasa nporpeccus
3A0A4YN C PELLUEHMNAMU
BA30BbIE 3ALAYN

SA0A4YN ONA CAMOCTOATESIbHOIO PELLEHUNA



OCHOBHbIE TEOPETUHECKWUE CBEAOEHUA

MoHaATMEe YncnoBoM nNocnenoBaTesibHOCTMU

YucaoBoH IMOCIeT0BATEJILHOCTHI0 HA3bIBAETCA YUCJIOBAA (DYHKIIUA,
3alaHHasT Ha MHOJKECTBe HaTypajbHbIX uyucey. IlociegoBaTesnbHOCTH
CUMTAeTCA 3aJaHHOM, €CJIM KaXKJAOMY HATYpPaJbHOMY YHCJIY 71 IIOCTaB-
JICHO B COOTBETCTBHE YHCJO Y, , KOTOPOe HA3LIBAETCA N-HBIM YJI€HOM
nocjenaoBaTeabHOCTH. Iloces0BaTeIbHOCTE IPUHATO 0003HAYATH (Y, ).

IlociegoBaTeLHOCTH, coAep:kalnue OeCKOHEYHO MHOIO 4YJIeHOB,
Has3pIBaloTCaA OeckomeuHbIMHM. IlociiemoBaTeslbHOCTH, coAepJKaliue Ko-
HeYHOe YHCJIO YJIEHOB, HAa3bIBAIOTCA KOHEYHBIMH.

OcHOBHEBIE CIIOCOOBI 3aJaHUA IIOCJIEN0BATEJIbHOCTH:

1) PexyppeHTHBII — YyKa3bIBaeTCA IPaBUJIO, II0 KOTOPOMY MOXKHO
BBIYMCJIUTDL N-HBIH YJIeH II0CJIeJOBATEeJIbHOCTH, €CJU N3BECTHHI €€
IpeAbIAyIIie YJIeHHI.

2) AHajguTu4eCKHMH — IIOCJIeZOBATEJLHOCTDL 3afaerca popmMmysaoi Aas
n-HOTO 4JIeHa.

3) CaoBecHBI — IIOCJIEeA0BATEJIBLHOCTh 3aJaE€TCA IMOCPEACTBOM CJIOBEC-
HOT'O ONHCAHUA.

ApndmeTnyeckas nporpeccus

IlocsiemoBaTEILHOCTE, KaXKAbIA YJIeH KOTOPOIl, HaUuMHadA CO BTOPOroO,
paBeH NIpeAbLIAYIIEMY YIeHY, CI0XKEeHHOMY C OZHHM U TeM Ke YHCJIOM d,
Ha3pIBaeTcsa apudmMernuecKkod nporpeccuer. Uuciao d HasbiBaeTcs
pa3HocTeI0 nporpeccun: d=a, ,—a,. Takum ob6pasom, apupmeruye-
CKafA IIPOrpPecCHA eCTh IIOCJEeJOBaTeJIbHOCTb, 3aJaHHAA PEKYPPEHTHO
paBeHCTBOM a, ,=a, +d.

ApupMeTHUeCKYIO IOCJeJ0BaTeJIbHOCTh IPUHATO 0603HayYaTh (a ).

BoaMoKHBI ciaeayomiye CJAOydau:

d>0, (a,) — Bo3pacraromasn;

d<0, (a,) — yGeiBaromas;

d=0, (a,) — nocrosHHad.



OcHOBHEIE TEOpeTUUYECKHUEe CBEJECHUHA

XapaKkTepMCcTHYECKOEe CBOMCTBO
ITocnez0BaTeNbHOCTS (a,) ABAAETCA apudMeTHIeCKOl IporpeccHel
TOrja M TOJIBKO TOTAa, Korpxa Jo0oil eé ujeH, HaYMHasg CO BTOPOroO,
SABJISETCA CPeJHUM apHU(PMEeTHYEeCKUM MpeAIeCTBYIOIIEr0 U IIOCIeAYyIO-
a _,+a
n-1 n+1
5 , neN.
dopmysa n-ro ujeHa apuPmMeTnyecKoO IPOrpeccuu:
a,=a, +d(n-1).
DopMybl CYMMBI N IEPBLIX YJIEHOB apU(PMeTHUECKO! IIPOrpecCum:
a,ta, 2a,+d(n-1)

Si=mg " n 2

oiero 4jieHoB:. a4, =

n.

FeomeTpuueckas nporpeccus

ITocsie10BATEIBHOCTD OTJIMYHBLIX OT HYJIA YHCEJ, KaXKABbIN 4jeH KO-
TOpOii, HAUMHAA CO BTOPOT'O, PaBeH IIPEeAbIAYIIEMY YeHY, YMHOXKEHHOMY
Ha OJHO U TO K€ UHCJIO ¢, Ha3bIBAETCA reOMEeTPHYECKON Iporpeccuei.

n+1

b

n

JII000T0 YJieHa IeOMeTPUUYECKOIl IMPOrPeCCHU M eMy IpeAlIecCTBYIOIIEero
yjJieHa paBHO OZHOMY M TOMY XKe 4YHCJy ¢. 'eomeTpuUecKyio Iocieno-
BATEJIbHOCTh NMPUHATO 0603HauaTh (b ).

Taxum o6pa3oM, reoMeTpyyecKasa IPOrpeccUsd eCThb IIOCJeL0BaTe b
HOCTb, 3aflaHHasA PeKypPPeHTHO paBeHcTBOM b ., =b q, rae b, #0, ¢#0.

Bo3amoxxHBI caepymomiue ciaydau:

¢>0, ¢g#1, (b,) — MoOHOTOHHaA;

g=1, (b,) — mocrosHHas;

¢<0, (b,) — 3HakomepeMeHHas;

lg|<1, (b,) — Geckoneunas (6eckoHeuHO yObIBAIOINA).

Yucao ¢ Ha3bIBaeTCsA 3HaMeHaTeJieM IIporpeccuu: ¢ =——. OTHoleHHe

XapaKkTepuCTHYECKOEe CBOMCTBO
IlocnenoBaTebHOCTh (b,) sAABIsIETCS reoMeTPHYECKOH Iporpec-
cMell Torja M TOJBKO TOTrJa, KOorja KaXIblii e€é uJieH, HauuHas Co

—_ ’77 P



I'maBa 4. YucyioBele IOCJIeA0BATEILHOCTH

BTOPOTO, €CThb CpefHee IeOMeTPHUYECKOe COCeAHMX C HUM YJEHOB, TO
ectb b =Vb__b .., neN.

4.1

4.2

dopMmyJia n-ro YieHa reOMeTPUUYECKOi IIPOTPECCUH:
— . -1
b —bl qn .

n

DopMyJIEI CYMMBI 71 4JIEHOB IeOMETPUYECKOM ITpOrpeccumu:

b,q—b, bl(qn_ 1)
S =—qT, q¢1 Sn=—q—_1——,

n
CymMa GecKOHEUHOl reoMeTpHYecKoii mporpecchn npH |g|<1 pasHa
bl
S = —W.

q#1.

3A0A4HN C PEWLEHNAMA

Hanumunre nepBbIiA, TPUALATHIA U COTHIM YJIEHBI IIOCJIEOBATEJIb-
2n+5

3 L]
PeweHue. BeiuncinM 3HaUYE€HUSA IIEPBOr0o, TPHUAIIATOTO M COTOT'O
YJIEHOB IIOCJIeAOBATEJILHOCTH, 3aJaB COOTBETCTBEHHO 3HAUEHHUS
n paBaeiMu 1, 30 u 100.

_2+5 7 _ 2:30+5 65 _2-100+5 205
1773 Ty YT g T3 FieTT 3 T g

HOCTH, €C/IM e€ n-¥ 4jeH 3ajaércA (opMyJon x, =

T _65 _ 205
Otser: x, =3 %30~ 3 ¥10~ g °

YcraHoBuTe, Kakas M3 IIOCJENOBATEJbHOCTEN He SABJSAETCA MO-
HOTOHHOM. YKa’XHUTe HOMEep IPaBUJIbHOIO OTBeETA.

1. n; 2. L. 3. (-1)"n.

5;
PeweHune. IlocienoBaTesbHOCTL IIOJ HOMEepPOM 3 He SABJAETCHA
MOHOTOHHOH, TaK KaK OHA 3HaKOIlepeMeHHas M, CJeJ0BaTeJbHO,



3ajzayy ¢ pemeHUuAMH

4.3

4.4

4.5

He fABJIAETCA HU BO3pacTalolleil, Hu yObIBalolleil, a 3HAYUT, He
ABJAETCA MOHOTOHHOM.

OTeeT: 3.

YcraHoBUTE, KaKas M3 IIOCJe0BaTeJbHOCTEH, 3aJaHHBIX (op-
MyJIaMHU n-TO 4JieHa, ABJSAETCA MOHOTOHHOH. YKaXUTe HoMep
IIPaBUJILHOT'O OTBETA.

1. 2n; 2. (-1 ;11-; 3. (-1)*1n.

PeweHue. IlocaemoBaTesbHOCTD IOJ HOMepoM 1 ABJsAETCA BO3pac-
Talome M, cjaegoBaTesIbHO, MOHOTOHHOU. IlocsemoBaTesbHOCTH
oA HoMepaMu 2 U 3 He ABJAIOTCA MOHOTOHHBIMU, TAK KaK OHH
3HAKOIlepeMeHHbIe U, CJIeIOBATEJILHO, He ABJIAIOTCA HU BO3PacTalo-
UMY, HN YOBIBAIOLINMH, 8 3HAYNT, He ABJIAIOTCA MOHOTOHHBIMH.

OtBer: 1.

M3 nocnegoBaTebHOCTEN, 3aAaHHBIX (QOPMYJION N-TO YjJeHa, BbI-
GepuTe Ty, O/ KOTOPOM BBINOJIHAETCA YCJIOBHUE Qg > 45. YKaKuTe

HOMep NPaBUJILHOT'O OTBeTA.

1. 2n; 2. —n; 3. 5n2.

PeweHuve. Brluncisas TpeTHii 4jJeH COOTBETCTBEHHO KayKJIOil U3
ImocJjiefoBaTeJbHOCTEH, 3aJaHHBIX Moa Homepamu 1, 2, 3, moay-
4aeM, 4YTO YCJIOBHeE Q,>45 BHIMOJHAETCA TOJBKO AJA IIOCJEN0-
BATeJBLHOCTH IIOJ4 HOMEpoM 3.

OteeT: 3.

Kaxoe uncjo He ABJIAETCA YJIEHOM I‘BOMETpH‘IeCKOﬁ IIporpeccnmn:

1; 2; 4; 8; ...? YKakuTe HOMEp IIPaBUJIBHOT'O OTBETA.
1. 64; 2. 72; 3. 128; 4. 512.

PeweHue. B ycioBuu mnpeasiolkeHa reoMeTpuuyecKas IIporpec-
cua co 3HaMeHaTtesaeM 2. Uuciao 72 He ABJAAETCA YJ€HOM TaKOM
IIPOTPECCUH.

OTtBeT: 2.



I'naBa 4. YucjoBele mocjefoBaTeJIbLHOCTH

4.6

4.7

IIpon3BeseHre TpeThbero M IIIECTOr0 YJIEHOB apUpMeTHUYECKOU
nporpeccun pasuHo 406. Ilpu geseHUN AeBATOro 4jeHa 3TOM IIPO-
IrpecCMM Ha €€ UeTBEPTHIA UJIeH B YaCTHOM IIOJIyuaeTcsa 2, a B
ocraTke 6. Haiigure mepBbIi WieH M Pa3HOCTh JAHHON IIPOIPECCHU.

PeweHnune. Ilo ¢popmyse n-ro unena apudmernyecKoil mporpec-
cun a,=a,+d(n—1), crenosarensro, a;=a,+2d, a,=a,+3d,
ag=a,+5d, a;=a,+8d. Ilo ycnosuio 3anaun umeem: a,*a, =406,
a,=2a,+6, oTky/a nojiydaem CJeAyOLIYI0O CUCTEMY YPaBHEHMI:

5
a1=—77-,
(a, +2d)(a, + 5d)=406, || 37
a,+8d=2(a, +3d)+6, 14
a,=4,
d=>5.
5 37
OTeBer: a1=——7-, d=1—4; a,=4, d=5.

Haiigure 3HamMeHaTeJ» 0eCKOHEUHO yOBIBaolieil reoMeTpru4YecKoi
IIPOI'PECCUM, ¥ KOTOPOH KaKAbIN ujieH B 6 pa3 Oosbliie CyMMBbI
BCeX €€ MOCJeAYIOIHUX YJIeHOB.

PeweHune. Tak Kak 110 YCJIOBUIO 3aJaUi KaXXKJbIi 4ieH 0eCKOHEeUHO
yOBIBaIOIIE reoOMeTpUUYECKOil mporpeccuu B 6 pas 0oJibille CyMMBI
BCeX €€ MOCJeAYIOIMMX UYJIEHOB, TO 3TUM K€ CBOMCTBOM o0JjiajjaeT
1 1epBbIi e€ uneH b,. Ecan U3 cymMMBI Bcex 4JeHOB S BbIYECTH b,
TO pasHocTb S—b, Oynger B 6 pa3 meHsblle, yeM b,, cieJoBaTeJbHO,
BBHITIOJIHAETCA ypaBHeHue: b, =6(S —b,). Bocionteayemca dopmMyJIoi

CYMMBI BCeX YJIEHOB 0eCKOHEUYHO YObIBaoIieil reoMeTpUYecKOU

b
IIpOrpeccun S=1—_1q 1 YUTEM €€ B YpaBHEHHUU b1=6(S—bl).
b, 1 6b 1
Nmeem: b1 —6( 1-gq —bl), 1 =6(1—_q— 1), 1= ﬁ, q=7.
1
OTeBer: 7



3ajmauu ¢ pelHieHUAMHU

4.8

4.9

IIpomecc BhBIZIEJIEHHUSA CMOJIBI M3 HEKOTOPOTrO JAepeBa IOJ JeHcCT-
BMEM COJIHEUHBIX JIydeil MPOMCXOAUT CJeAYIOHNIMM oOpa3oM: B
TeYeHNe IepPBOro yaca BhlAelisieTcsa 1 yailHadA JIOJKKA, a Ka’KIbIA
IMoCJIeAVIONINM Yac — Ha II0JI-JIOXKKH 00JibIille, YeM B IIpeAIIecT-
Bylomuii. KakoBa AJNTeJILHOCTH IIPOIleCca, eCJH C paccBera [0
3aKaTa BBIZEeJNJIOCh 13,5 J10XKeK CMOJIBI.

PeweHne. PaccMOTpMM KOJHYECTBO JIOXKEK CMOJIbI, BBIJENA-
IonefcA Ka)XIbI Yac B KadyecTBe YJIEHOB apU(pMeTUYeCKOH
nporpeccun. Toraa mepBEIil 4WjeH mporpeccuu a, =1, pasHOCTb

IIPOrPeCcCUH d=%, cyMMa IepBBIX 1 4ieHoB S =13,5. Mckomoi

BEJIMUNHON B 3TOM cjiydyae OyJAeT KOJMUYECTBO 4acoB, T. €. I.

Bocnonisdyemca ¢GpopmyJioil CyMMbI NEepBBIX 71 YJEHOB IIpOrpec-
2a,+d(n-1) 1 1

cun: S, = 3 ‘n, OTKyAa MOJIy4UM: 27=2n+§n2—§n,

n2+3n-54=0, n=6, n=-9. ITo cMbIC/Iy 3afa4yyl OTPUIlATEJLHOE

3dHaAYEeHHNe n He yAOBJIETBOpPAET YyCJOBHIO 3agadN.

OTBeT: 6 yacos.

IIpn xakux 3HAUYEHHUAX MMapaMeTpa a HaUAyTCA TaKne 3HAUeHUS
nmapamerpa b, uto ciaenyromue Tpu uucaa 4+ 25% a; 5 obpa-
3YIOT F'eOMETPUUYECKYI0 NMPOrpeccuio?

PeweHne. Bocnosnb3dyeMca xapaKTePUCTUYECKHUM CBOMCTBOM Ieo-
MeTpUUYECKOl mporpeccun: a?=(4+ 25%)-5,

Ionyuum: a?2=4+-5"°4 25572,

O6o3nauuM uepe3 x =5, rorga, peiias KBaApaTHOE ypaBHEHHUE
x?2—a%x+4=0, nosyuyum cjeayioliee yCcJoBHEe HA JUCKPUMHHAHT
D=a*-162>0, (a—-2)(a+2)(a%2+4)>0.

Perasa mocJiefHee HEPABEHCTBO, IIOJYYUM, UTO 3HAUEHUS IIApPaMeT-
pa b Takue, uTo ciaeayiomine Tpu uuciaa 4+ 25°% a; 57 obpasyror
reOMeTPUYECKYIO IIPOIPeCCUI0, HAMAYTCA IpH a € (—00; —2]U[2; 00).

Oteet: ac(—00; —2]U[2; oo).



I'naBa 4. YucaoBele mocjiefoBaTeJIbHOCTH

4.10

4.11

4.12

4.13

4.14

4.15

BEA30BbLIE 3AOAHN

Hanumure nepBblil, TPUAIIATHIN U COTBIN YJIEHBI IIOCJIEIOBATEIb-
. . . . 3n—6
HOCTH, €CJIM e€ n-ui ujeH 3ajaercsa GopMyJiou X, =10 *

Oreer: x,=-0,3; x,,=8,4; x,,,=29,4.

Hanumunure nepBblil, TPUAIATHIN U COThIM YJIEHBI II0CJIEOBATEJIb-
1+(-1)"

HOCTH, €CJIM €€ n-¥ uwieH 3ajgaerca gopmynon x, = 9

Orteer: x,=0; x3,=1; x,0,=1.

HannminTe nepBuIii, TPUALATLIA M COTBHIHA YJIEHBI ITOCJIEJOBaTE Ib-
HOCTH, eClIX €€ n-it 4ieH 3agaérca gopmyaort x =5+ 5(—1)".

Oreer: x,=0; x;,=10; x,,,=10.

BuruyuciuTe nepBbIi, TPETUM U INECTOM YJIeHBI IIOCJEeL0BAaTeJIb-

n
L ) VNN £\
HOCTH, ecJ eé n-il uleH 3amaérca Gopmyion x, 3 .

OTBeT: x _L X _ L. X L
1 g 8 g7’ 76 729°
YcTaHoBUTE, KaKasa U3 IIOCJeJ0BaTeJbHOCTEM, 3aJaHHbIX QopMy-
JaMM n-ro 4jeHa, He ABJAETCA MOHOTOHHOH. YKa)XHUTe HOMep
IIPaBUJIBHOT'O OTBETA.
1 1
— 3 — _1 — —
1. 2n’ 2. ( l)n n’ 3I n.
OTeerT: 2.

YcraHoBUTE, Kakas M3 IMOCJeOoBaTeJIbHOCTEH, 3aJaHHBIX (op-
MyJaMH n-TO 4JieHa, ABJAETCA MOHOTOHHOI. YKa)XUTe HoMep
IIPaBUJILHOT'O OTBETA.

n 10 1 no n—
Ll (Y s o
OTtBeT: 2.



BasoBrie 3agaum

4.16

4.17

4.18

4.19

N3 apudpmeTHyecKHX IIpPOrpeccuii, 3aJaHHbIX (POPMYJION n-TO
YyjieHa, BbIOepHUTe IPOrpeccuio, AJA KOTOPOM BBINIOJHAETCA ycC-

JoBue a,<0. YKaXutre HOMep NMPAaBUJIbHOTO OTBETA.
1. 2n+1; 2. -2n+5; 3. 2n.

OTBeT: 2.

Kakxoe uuc/io He ABJIAETCA YJIEHOM reOMETPUYECKOM IMPOrpecCHUu:

1 1

1; E; Z; §; ... YKaxXuTe HOMep IIPaBUJBHOI'O OTBETA.
1 1 1 1

1.6 2512 3 30 4 128

OTBer: 3.

Ilo rpadpukam QpyHKIIMI, TpeACcTaBJeHHBIM Ha puc. 4.1, 3agaiire
apu(pMeTUYECKyI0 MPOrpeccuo a, GOopMyJiod n-ro 4YjeHa AJA
BCeX HATYpaJbHBIX 3HAYEHUN aprymMeHTa X=n U BbIOepUTe Ty
IIPOTPeCCUIO0, IJA KOTOpOH BHINMOJHsETcA ycaosue a, <0 mpu
BCeX 3HAUEHHAX . YKaXHUTe HOMep IIPaBHJILHOI'O OTBeETA.

1. YA 2. yA

RY
RY

Puc. 4.1

Orser: 2; a,=—n.

IIo rpaduky pyHKIIMM, IIpeACTaBJIEeH- 1
HoMy Ha puc. 4.2, cocraBpTe Qop-

MYJy n-ro 4jieHa apudmMeTHUeCcKOi
IIPOTPECCUM @, JJIA BCeX HATypPaJIbHBIX
3HAYeHU! aprymMeHTa x=n H# Bbi0e-
pUTe, KaKoe M3 CJEeAYIOININX YKces Puc. 4.2

DD |t




I'maBa 4. YucnoBrle mocyiegoBaTeJIbHOCTH

4.20

4.21

He ABJIAETCHA YJIeHOM IIpOI'pPpeCCHH. Yraxxure HOMEP IIpaBHNJIBHOT'O

OTBeTA.
1. 4; 2. 5,5; 3. 6,7; 4. 7.

Orser: 3; a, =%n.

Cymma OeCKOHeUHO reoMeTpHMUYeCKOM IIporpeccuu paBHa 4, a
cyMMa KBaApaToOB e€ ujieHOB paBHa 48. Haiiaure mepBuIil 4JieH
1 3HaMeHaTeJIb IMPOrPecCHuu.

OTtser: b, =6, q=—%.

CymMa OeCKOHEUHOH reOMeTPHUYECKOM IporpecCMM paBHa 2, a
cymMmma Ky0oB e€ ujieHOB paBHa 24. Haligute mepBBIA 4JieH U
3HaMeHaTeJb IIPOrpecCHU.

1

Orteer: b, =3, ¢= ~9

SAOA4HN ONA CAMOCTOATENIBHOINO PEWEHUA

4.22

4.23

4.24

4.25

BreruucinTte nmepBbIM, TATHIA U COThIN YJIEHBI ITOCJI€I0BAaTEeIbHOCTH,
n2n—1.
3+n

ecau eé n-i wieH safaérca Qopmynoi x =(-1)

BeruuciuTe nepBulii, C€ALMOI U JBYXCOTBIM UJIeHBI IIOCJeI0BaTe/Ib-
HOCTH, eCJU eé n-ii WwieH 3afaérca gopmysoit x, =(-1)"*}(2+ 3n).

BrruucianTe mepBbIii, HATHIA M BOCBMOM 4YJIeHBI IIOCJIELOBAaTEJIb-
HOCTH, ecJu e€ n-it wieH 3ajgaérca gopmyrnoit x =2(~1)".

YcraHOBUTE, KaKaA U3 IOCJIeJOBATEJbHOCTEH, 3aJaHHBIX (op-
MyJaMHU 7n-ro 4jeHa, He ABJIAETCA MOHOTOHHOIA.



3agauM OJIA CaAMOCTOSATEJbHOrO pelleHud

4.26

4.27

4.28

4.29

YKaxkuTe HOMep NMpPaBUJBLHOIO OTBETA.

1. (-1)**'n; 2. %; 3. 2n.

YcraHOBUTE, KaKaA U3 II0CJeJ0BaTeJbHOCTEM, 3aJaHHBIX (op-
MyJIaMH n-ro 4jeHa, SABJIAETCA MOHOTOHHOM. YKa)XUTe HOMep
IIPaBUJIBLHOI'O OTBETA.
1 1\"
—_— . — _1_0 J—
M3 apudMeTnuecKNX mporpeccuii, sagaHHbIX (GOopMyJIOH n-To 4je-
Ha, BbIOEpUTEe IIPOrpeccuio, AJSA KOTOPOH BLIMOJHAETCS YCJIOBUE

a,<0 mpu Bcex 3HaUEeHMAX N. YKaKUTe HOMep NPaBUJILHOIO
OTBEeTA.

1. -3n+1; 2. 3n—-2; 3. 4n+ 3.

Kakoe uucjo He ABASETCA 4JIEHOM reOMEeTPUUYECKOH ITPOrpecCHu:
1; =3; 9; —27; ...? YraxuTe HOMep IIPaBUJILHOT'O OTBETA.

1. —243; 2. 729; 3. 81; 4. 612.

ITo rpaduram QyHKIMIH, MpeJAcTaBJIeHHLIM Ha puc. 4.3, 3agaiTe
apu(pMeTHYECKYI0 NIpOrpeccuo a, GOpMyJoOHd n-ro 4jeHa AJA
BCeX HATYpaJIbHBIX 3HAYEHUH aprymMeHTa X=n # BHIOEpUTE Ty
IPOTPECCUI0, [IJIA KOTOPOHl BBINOJHAETCA yciaoBue: a,>0 npu
BCeX 3HAUEHHAX Nn. YKaXHUTe HOMEp IPaBUJILHOI'O OTBETA.

1. y4 2, y4A

RY
RY

45°

Puc. 4.3



I'naBa 4. YncaoBele ImOCJIeAOBATEILHOCTH

4.30

4.31

4.32

4.33

4.34

IIo rpadpury GyHKIIUH, IIpeaCcTaB- Uy A
JJeHHOMY Ha puc. 4.4, cocTtaBbTe
dopmyay n-ro ujeHa apupmeru- 45°

YeCKOM Iporpeccum a, IJas Bcex
HaTypaJIbHbIX 3HAYEHUIl apryMeHTa
X=n ¥ BbIOepuUTe, KAKOe U3 CJIeAy-
IOIUX YHUCeJ He ABJAETCA YJIeHOM
IIporpeccuu. Y KaXute HoMep IIpa-
BHNJIBHOI'O OTBeTaA. Puc. 4.4

1. 2; 2. 5,5; 3. 6; 4. 7.

o

Tpu mOJOKUTEJbHBIX YMCJIa, CyMMa KOTOPBLIX paBHa 15, o6pasy-
0T apu(dmMeTHUYEeCKYI0 nporpeccuio. Ecjin K HUM COOTBETCTBEHHO
npubaButs 1, 4 u 19, To moayuarcsa Tpu uucja, obpasyroiiue
reoMeTpuuecKkyio mporpeccuro. Haiaure atu uucia.

Haiinure 3HamMeHaTe b 6€CKOHEUHO YOLIBAIOIIEH reOMeTpUYECKOMN
IIPOrPeCcCUM, ¥ KOTOPOH BTOPOH uJjieH B 8 pa3 0oJibilie CyMMBbI
BCE€X €€ IOoCJIeAYIOUINX YJIEHOB.

Tpu uncsa, cyMmma KOTOPHIX paBHa 78, COCTaBJAIOT I'eOMETPH-
YyecKy10 mporpeccuio. Ix MOMXHO paccCMaTpPUBATL TaK ke, Kak
IIePBBIA, TPETUH N NEeBATHIA YIeHBI apu(METHUYECKOM IIPOrpeCcCHH.
Haiinure aTn uucJa.

BospHOMY IIpOIIMCAHO JIEKAPCTBO, KOTOpPOe CJeAyeT IPUHUMATH
II0 cxeMe: B mepBbIi AeHb — 30 Kamesb pacTBOpa, a KayKIbIi
IocJIeAYIOMNM OeHb Ha 2 KallJii MeHbIlle, YeM B IIpejllecT-
Byomuii. B éMKocTH, nmpeaHa3HAUYeHHOU [IJIA Kypca JeudYeHHUsd,
cogepxkuTca 150 kameab. CKOJBKO AHEH AJUTCA KYpC JeYeHUsa?



FMABA 5

SJIEMEHTbI KOMBUHATOPUKWN,
TEOPUN BEPOATHOCTEWN
N CTATUCTUKA

OCHOBHbIE TEOPETU4HECKWUE CBEOEHUA
KombuHatopHble 3apaqn. MepecTtaHoBku. PaamewieHus. CouetaHus

AneMeHTbl Teopun BEPOSITHOCTEN U CTAaTUCTUKU
3AI0AYN C PELLUEHNAMU
BA3OBbIE 3AJA4YU

SAO0A4YN AN CAMOCTOATE/IbHOINO PELWUEHUA



OCHOBHbIE TEOPETUHECKWUE CBEAEHUA

KomOuHaTtopHbie 3apaun. MNepecrtaHoBku. PaameuweHums.
CouyetaHuna

3agauu, IIPU pelleHNH KOTOPhLIX HEOOXOAMMO COCTABJIATHL U IOX-
CYHUTHIBATL KOMOMHAIIMM M3 KOHEYHOTrO YHCJA 3JIeMEHTOB, IPHUHATO
Ha3plBaTh KOMOMHATODHBIMH 3amauyamMu. Pasges mareMaTHKH, B KO-
TOPOM pacCMaTpPHUBAIOTCA TaKue 3aJauyl, Ha3bIBAe€TCA KOMOMHATOPH-
KOM.

IIpaBuao cymmsl: obijee 4uCJI0 KOMOMHAIIMA pABHO CYMMe YM-
ceJ KoMOMHaAIUM BO Bcex KJjaccax (0e3 yuéra 4ucjia COBIAQAEeHUI), TO
eCThb eCJU IJA BeIbopa o0beKTa A mmeercs n crmocoboB, a AJA BeIOOpa
o0beKTa B, oTIMYHOrO OT A, UMeeTcsa m cmocob60B, TO BeIOOpP JubO A,
aunbo B ocyiecTBiasieTca n+ m crmocobamu.

IIpaBuJyio mpomM3BegeHHUsA: €CJIU IJs BbIOOpa oO0beKTa A MMeercA
n croco00B M ecJH IOocJie KaxXAOro TAaKoro BbIOOpa A BbIOOpa 005-
exTa B, oTJIMUYHOro oT A, UMeeTcA m crnocob6oB, TO BEIGOp mapHl (A, B)
C YYETOM HOPALKA OCYIIECTBJSAETCA nm crocobaMu.

Ecan umeeTcs n pa3JMYHBIX 3JIEMEHTOB, TO YHCJIO PA3JIAYHBIX CIIO-
co00B, KOTOPEIMU 71 PA3JIMYHBIM 3JIEMEHTaM MOYKHO IPHUCBOUTH HOMepa
or 1 o n, paBHo n!. Kaxkaeiit crmocod6 Hymepauuu or 1 mo n Hal3bIBa-
eTCs NMepecTaHOBKOM pacCMaTpPHMBAEMOI'0 MHOXKECTBA HU3 71 3JIeMEHTOB.
Hucao TaKUX mnepecTaHOBOK 0003HauaeTcs 4yeped P, u BBIUMCIAETCHA
no ¢popmyrne: P, =nl.

JI1060e MHOXKeCTBO, coCTofAllee U3 B 3JEeMEeHTOB, B3ATHIX B OIIpe-
JeJJEHHOM IIOpAAKEe M3 AaHHBIX N 3JEeMEHTOB, Ha3LbIBaeTCs pa3melle-

HHUEeM U3 n 3JeMeHTOB 1o kB, 0<k<n. Yuciao u3 n 3JeMeHTOB IO k
n!

(n—k)"
Brei6opka k£ 3j1eMeHTOB U3 JaHHBIX N 3JIeMeHTOB 0e3 yuéTa IopAn-
Ka Ha3bIBaeTCs CcoYeTaHMeM U3 n 3jJeMeHTOB mo k, 0<k<n. Yucao

COYeTaHUU U3 N 3JeMeHTOB o k o0o3HauaeTcs Cﬁ M BBIYHCJIAETCHA TI0
n!
kl(n— k)"

obo3Hauaerca A* um BeIumcIsAeTca no Gopmyne: Ak =

dopmyne: Ck=



OcHOBHBIE TeoOpeTHYEeCKHNe CBEeAeHNA

Yucaa C* naspiBarorcd OHHOMHAJIBLHBIMH Kod(duuneATamu u o6Ja-
JaioT cJIeAyIOIINMU CBONCTBaAMU:

Ck=Cnk,
C0=Cr=1;
Cl=Crl=n,;

CO+Cl+C2+...+Cr1+Cn=2"
Cha=Cit=Cr.

AnemMeHTbl TeOpuUn BEpPOATHOCTE U CTaTUCTUKMU

BepoaTHOCTBIO COOBITHA NP IIPOBEAEHNN HEKOTOPOrO MCIILITAHUSA
Ha3bIBAETCA OTHOIIEHNE YHCJia UCXOA0B, B pe3yJIbTaTe KOTOPhIX HACTyIAa-
eT 9TO cOOBITHE, K 00IIeMy YMCJy BCeX PABHOBO3MOXKHBIX MeEXAY co0OM
HCXOJOB 3TOr0 UcHbITaHUA. IIycTh IPOBOAUTCA HEKOTOPBIM ONBIT U HAMAO
HaWTH BEPOATHOCTH COOBITHA A. BepoATHOCTE coObITHA A 0603HAUaETCA

_N4)

P(A) u Beruucasercsa no gopmyiae: P(A) — o rae N (A) — xommuecTBO
TeX HCXOJ0B ONbITA, B KOTOPOM HacTymaeT coOniTue A, N — 4YucJ0
BCeX BCEBO3MOYKHBLIX HCXOJAO0B pPacCMaTpHUBaeMOro OILITA.

CobOrITHE, KOTOPOE B pacCMaTPHBAEMOM OIIBITE MOXKET KaK HacTy-
IINTh, TAK U HEe HACTYNIUTb, Ha3bIBaeTCA ciayuyaiHsIiM. CoObITHE, KOTOpOE
B pacCMaTpUBaeMOM OMbITe 00s3aTeJIbHO HACTYIIUT, HAa3LIBAETCA JOCTO-
BepHBbIM. COOBITHEM, KOTOpPOE€ B pacCMaTpPHMBAeMOM OIILITE HACTYIIUTh
He MOYKeT, Ha3bIBAeTCA HEeBO3MOKHBIM. IIp1 3TOM BEepOATHOCTH AOCTO-
BE€PHOT'0 COOBITHS CUYHTAETCA PABHOH 1; BEepOATHOCTh HEBO3MOYKHOIO
cobbiTHA cuuTaercsa paBHou 0.

Paznen mareMaTHMKH, B KOTOPOM MHCCJeAYeTCA KOJNYeCTBEeHHAadA
OILIeHKAa CJIyYalHBbIX COOBITHI, HA3bIBAe€TCA TeOpHMeH BepPOATHOCTEH.

CoObITHSI HaA3bBIBAIOTCA HECOBMECTHBIMH, €CJIM OHM He MOTYT
IIPOMCXOAUTHL OJHOBPEMEHHO B OJHOM M TOM XK€ HCIIbITaHUHN. BeposT-
HOCTb CYMMBI JIIOOOTO 4YMcJia MOIIAaPHO HECOBMECTHBLIX COOBITHII paBHA
CyMMe BepOATHOCTEM 3TuX cobbiTHil. B uacTtHOCTH, ecau coObiTue C



I'nmaBa 5. 3ieMeHTHI KOMOMHATOPDMKH, TEOPUH BEPOSITHOCTEM U CTATUCTUKU

03HAyYaeT, YTO HACTYMAaeT OAHO M3 ABYX HECOBMECTHBIX COOBITHUI A
uam B, To BepoaTHOCTh coOuITuA C paBHA CyMMe BEePOATHOCTEH CO-
OeiTu1 A n B.

CyMMa BepOsATHOCTEH IIPOTHBONIOJIOMKHBIX COOLITHMII paBHa 1.

IIBa coOBITHSA HA3LIBAIOTCSA HE3aBMCHMMBIMHM, €CJIM HACTYILJIEHUE
OAHOT0 U3 HUX He BJHNAET Ha BEPOATHOCTb HACTYILJIEHUA Jipyroro. Ec-
au cobuiTe C 03HAYaeT COBMECTHOe HACTYIJIeHHe JBYX He3aBHUCHUMBIX
cobulTut A m B, TO BepoATHOCTb coOviTHUsi C paBHa NHPOU3BEAECHUIO
BepOATHOCTel coOnITUNL A u B.

K ocHOBHBIM 3amauyaM CTATHCTMKM OTHOCATCS, HaIpuUMep, IOJY-
yeHne, o0paboTka M xpaHeHHe HH(popmaiuu, BHIPAa0OTKA M OIEHKAa
JOCTOBEPHOCTH PAa3JIMYHBIX NPOr€o3oB. IIpm aTom mpexacraBjieHNe HUH-
¢opmanmuu BO3MOXKHO B BHAe Tabaun, rpapukoB, fuarpaMm, B 4acT-
HOCTH, THCTOrpaMM (MJM cTOoa04aTeIX AumarpamMm). B ciayuae, ecuan
IIMPUHA CTOJOIOB I'MCTOrPAMMEBEI MaJia, & OCHOBaHHA CTOJ0I0B oOpa-
3YIOT HEKOTOPHIA NMPOMEXKYTOK, TO T'HCTOIPaMMa NPHHUMAaeT BHUJ I'pa-
¢uka BrIpaBHUBaWINEH (PYHKIIUMU, IOCTPOEHHOM IO pacCcMaTpUBaeMou
BbIOOpKe. 'padpuk BhIpaBHUBaWONIEN (PYHKIHNH MOJYKET ObITh IIOJIyYeH
B pe3yJbTaTe npeoOpa3oBaHUSA KPHUBON HOPMAaJIbLHOIO paciipeejieHUus
(rayccoBoi#f KPHBOIi).

AHanuTHuyecKoe 3aJjaHHe TayCcCOBOM KpUBOM uMmeeT BuA: Y= d(x),

2

X

e 2
$(x)=——, B KOTOPOM IPUCYTCTBYIOT JBe KOHCTAHTHI: Tt ~ 3,14; e ~ 2,7.

Var

OTMeTHM HECKOJbKO OCHOBHBIX TEPMHUHOB, HEOOXOAWMEIX IJA

o6paboTkn MHpoOpMAINU:

— TreHepaJibHAfA COBOKYMHOCTh — MHOXKECTBO BCe€X BO3MOXKHBIX pe-
3yJIbTATOB H3MEpPeHUA;

— CTAaTHCTHYEeCKasa BBIOOPKA (MM CTATUCTHYECKHUH PAJ) — MHOMKECT-
BO pPe3yJIbTATOB, IIOJIyY€HHBIX B pacCMaTpHBaeMOM H3MeEpPeHHUU;

— BapHMaHTa — 3Ha4YeHUe 3jieMeHTa BBLIOODKH;

— KpaTHOCTh BApHAHTHI — KOJIMYECTBO pa3, peajbHO Habjiomaemoe
paccMaTpuBaeMoOil BapHaHTHI B BBIOOpKE;



OcHOBHEIE TEeoOpeTUYeCKHe CBeJeHUusdA

00b€M BBIOOPpKM — CyMMa KpPaTHOCTeH BCeX BapHaHT BBLIOODKU;
YacTOTa BAPMAHTBI — OTHOIIIeHHEe BapMaHTHl K 00béMY BBIOODKU;
BAPHMALIMOHHLIN PAX — YIOPALOYEHHOE MHOXKECTBO BCEBO3MOMKHBIX
BapHaHT.

K 0CHOBHBIM YHCJOBBIM XapakKTepuCTuKam BbIﬁOpKI/I OTHOCHATCHA.

pa3max BbIOOpDKM — pa3HHUIlA MeXAY HauOoJbIIel 1 HauMeHbIIei
BapHaHTOM;

mona — HamboJsiee 4aCcTO BCTpedalolascAd BapHaHTAa;

cpegHee 3HaYeHME — YacCTHOE OT JeJeHUS CyMMBbI BCeX pe3yJibTa-
TOB, BXOJANINX B BHIOODKY, Ha KOJHNYECTBO BCeX pPe3yJbTaTOB.

Ecan nHpopmaua odpaboTana 1 mpeicTaBjieHa B Buje TaOJINIILI, U

B IIePBOM CTPOKEe 3aIIMCLIBAIOT BapHMaHTHLI, BO BTOPOl — KPaTHOCTH,
B 3TOM CJjyyae moJjiydyaeTcsa Tabiauia pacnpenejieHUs BbIOODKU;

B IIepPBOil CTPOKe 3amMCHIBAIOT BapMaHThI, BO BTOPOH — KpaTHOC-
TH, B TPeTheid — YaCTOThI, B 9TOM CJyuae IoJiyuyaeTcsa TabJuauna
pacipejieJleHUA 4aCTOT BBHIOOPKH.

Ecin napopmaiinsa obpaboraHa u mpejacTaB/ieHa B Buje rpadpuka, u

Mo ocu abciucc yKal3blBAalOT 3HAYEHUSA BapHaHT, IO OCH OpPAU-
HAT — KPATHOCTH, B 3TOM Cjiyyae MOJIy4eHHBIH rpa@UK Ha3bIBaIOT
rpadukom pacipejfesieHUsaA BbIOODKH;

1o ocu abciuce yKa3bIBaIOT 3HAUYEHUS BapUaHT, IO OCH OPAMHAT —
YaCTOTHI, B 3TOM CJIy4yae IIOJIy4eHHBIN rpa)MK Ha3bIBAIOT rpa)MKOM
pacnpefejJeHUA 4acTOT BBIOOPKHM MJM MOJHUTI'OHOM (MHOTOYTroJIbHH-
KOM) 4acTOT.

Ecin npu GoabuioM yucje He3aBUCHMBIX ITOBTOPEHHUII B HEeH3MEH-

HBIX YCJIOBHAX OJHOTIO M TOr0O Ke 3KCIIEPMMEHTa YacToTa NMOABJEHUS
COOBITHA COBIIQAET ¢ HEKOTOPBLIM IIOCTOSAHHBLIM UHCJIOM, TO TAKOE YMCJIO
Ha3bIBaeTCA CTATHCTHUYECKOM BEpPOATHOCTHIO 3TOr0 COOBITHA, a caMo
SIBJIeHe — CTATHCTHYECKOH yCTOMYMBOCTBHIO.

Teopema Bepmyaan: BeposaTHocTs P (k) HacTymieHus poBHO k yc-

IIeXOB B 71 HE3ABHCHUMBLIX ITOBTOPEHHUAX OAHOI'O M TOI'O e HNCIIBITaHNA
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BeIUKCAsAeTCA 10 (opmyne: P (k)=Ckepk-q"*, roe p — BepPOATHOCTH
ycrnexa, ¢=1—-p — BepOATHOCTb HeyJaYHd B OTAEJIHHOM MCIIBITAHUU.

3aKOH 0OJILIIMX YHCeJI: IIpn HEOTrpaHNUYE€HHOM YyBEJHNYEHHNU IIOB-

TOPEHUA HEKOTOPOTrO MCIBITAHMA YaCTOTa HACTYIJEHHUA B 3TOM MC-
IIBEITAHUN COOBITHA NMPaKTHYECKHU COBIIAZaeT C BEPOATHOCTHIO 3TOIO
COOBITUA.

5.1

5.2

3A0A4HN C PELLEHNAMW

B xiacce yuarca 12 geBouek u 15 manpuukoB. [asa mexypcrBa
Ha YeTBIPEX dTa)Kax INKOJbBI HE0OOXOAMMO OJHOBPEMEHHO BHIJE-
JIUTH YeThIpe Hapsl AeKYpPHBIX. Kakaasa mapa HoJPKHA COCTOATH
N3 MajabuuKa M AeBouKH. CKOJBKHMH cliocobaMH 3TO MOXKHO
caeaTb?

PeweHune. BriGbepeM cHauajia AeBOYeK. ITO MOXKHO CHAeJaTh
C%, cnocobamu. Ilocie aroro BeIGepeM MAaJIbLYUKOB B mapy K
KaXJoil M3 BBIOPAHHBIX E€BOYEK, IIPHM 3TOM yXKe NOPANOK BBI-
0opa MaJbUYMKOB — cyllecTBeHeH. MaJlbUMKOB MOYKHO BHIOpaTh
Af. cnocobamu. Takum 06pa3om, BBIJEIUTL YEThIPE NMAPHI AEKYD-

12! 15!
a8l 11 16216 200 cmmocobamu.

4 A4 =
HBIX MOXHO C1,Ajl.

Oreer: 16216200.

B 3ax0uNTeNLHBIN TYP KOHKYpPCa AETCKHUX HCCJIeZOBATEJIbCKUX
pa6ot oto6pano 10 nperenaeHTOB Ha nobexy. diopu cocTour ua
TPEX UYJIEHOB, KaXAbIf M3 KOTOPBIX HE3aBUCHUMO APYT OT JApyra
IOJI)KEH PpacIpeleJUTh IPEeTEeHAEHTOB IO MOPAAKY B 3aBHUCH-
MOCTH OT uUXx ycmexoB. [Io ycioBuaM KOHKypca mobGeautejiem
OymeT Ha3BaH TOT NIPETEHAEHT, HA KOTOPOI'O YVKaMXYT XOTA Obl
IBOE UJIeHOB KIOpH. KakoBa BepOATHOCTH TOr0, YTO MOoOeaNTeb
KOHKYypca OyzeT ompeneaéeH?



3agauyy C pelIeHuSAMHU

5.3

5.4

PeweHue. Tpoe 4IeHOB KIOPU MOTYT OTOOpaTh mobeauTe i KOH-
kypca 102 cmoco6amu. Uucsao 1000 sBasiercs oOIUM YHCJIOM
ncxomoB. IIpu aTom Tpu uieHa JKIOPM MOTYT BbIOpaTh pPasIM4YHbBIX
nmobeauTesieil B KoandecTBe caydaeB paBHOM 10°9-8=720. Cos-
nmajeHue B BbIOOpe mobeamuTesig XOTA ObI Y ABYX 4YJIEHOB YKIOpPHU
Bo3MoxxHO B 1000—-720=280 cayuaax. B ycaoBusx mgaHHOH
sagaun umucygo 280 aABaAeTCA YMCJIOM OJIArONIPUATHBIX MCXOJOB,
KOrJla Ha OJHOTO M TOTO Ke IpeTeHAeHTa YKasajlud XOTsd Obl ABa
yjeHa Kiopu. Takum ob6pa3om, BepOATHOCTh TOro, 4TO mobGenu-
TeJb KOHKypca OyJeT ompelesi€éH, BEIYUCAACTCA KaK OTHOIIeHUe
ypcaa OJaronpUATHBIX HMCXOLOB K 00LI[eMy YHCJIY HCXOJ0B U

280
1000 0,28.

OteeT: 0,28.

paBHO

I'puia BLICTPEJINJ CTPeJIOM M3 JyKa B KBaJpaTHYI0 MUIIEHb
1 nomnaJ B Heé. KakoBa BepOATHOCTh TOTO, UTO OCTpPHE CTPEJIBI
IIONaJET BHYTPh BIIMCAHHOIO B KBajApaT MUIIEHU Kpyra?

PeweHne. O603HAaUMM CTOPOHY KBaJApATHOII MUIIEHU 4Yepe3 a.

Torma paguyc BIMCAHHOTO B KBaJpaT MUIIIEHM Kpyra paBeH %.

BepoaTHocTs TOro, uto I'puita, momaB B MUIIIEHb, IIONMAXET
BHYTPb BIIHMCAHHOIO B KBaJApaT MHIIEHU Kpyra, paBHa OTHOIIIe-

a)z

i

HUIO IJIOIaAM Kpyra K ILIOIIaAM KBajapara: 022 =§.
T

OTeer: e

KoHcTpyKkTOp IpeAsioskuy mocTpouTh coopykenue Ha 2000 3abuB-
HBIX JKeJs1e300eTOHHBIX cBasgx. COrJIaCHO CTPOUTEJbHBIM HOpMaM
Ha 00'beKTe JOJIKeH OLITh MCIBITAH KOHTPOJbHBIMHU Harpy3kamMu
1 % or Tpebyemoro kosmyecTBa cBau.

PesyabTaTsl MpOBEeIEHHBIX UCHBITAHUMN ITPUBE3EHHBLIX U 3a0HUTHIX
B 'PDYHT CBail IIpuBeJeHbl B Tabuuie:
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CBan 1 2 3 4 5 6 7

Peayabprar
NCIOBITAHUM, T

38 42 46 49 41 47 43

CBau 8 9 10 11 12 13 14

PeayasTat
UCHBITAHUMN, T

40 44 48 45 43 46 42

CBan 15 16 17 18 19 20

Pesyabrar
HUCOBITAHUN, T

46 48 47 39 46 50

Haiigure pasmax, MOAY U cpefHee 3HaueHHNe BHIOOPKH 3HAYEHUM
13 BTOpOo# cTpoKM Tabauibl. IlocTpoitiTe rpadpuk pacrnpenesieHUs
KpPaTHOCTeN BHIOODKH.

PeweHnune. Bcero umeem 20 ncmbiTaHuii. Cambiil 60JIbIION pe-
ayabTaT paBeH 50, a caMblii MaJIeHbKUM pe3yJibTaT paBeH 38.
Pasmax BeIOOpKM paBeH: 50—38=12.

Moga — HamboJiee 4acTO BCTpeuamlneecd 3HaYeHHE BapHaHTHI
B BeIOOpKe — paBHa 46.

I BBEIYMCJIEHUA CpefHero 3HaAYeHUsS BRIOODKH M ITOCTPOEHUA
rpaduKa pacnpelesieHNsA KPATHOCTeH BHIOOPDKH COCTABUM TaOJIUILy
pacupenejieHUsa BLIOODKU:

Bapuanra 38 | 42 46 | 49 | 41 47 | 43 40
KpatHocTb 1 2 4 1 1 2 2 1

BapuaHTa 44 | 48 | 45 | 39 50 KoanuectBo
BapuaHT: 13

KpatHocThb 1 2 1 1 1 O6neém
BeIOOpKHU: 20




3agayu C pelmIeHuAMH

CiemoBaTeIbHO, CpeflHee 3HAUYeHHE BBLIYUCJISAEM II0 opMmy.ie:

38+42-2+46-4+49+41+47-2+43-2+40+44+48:2+45+39+50
20

_890

20 =44,5.

1 mocTpoeHuA rpad@uka pacipenejeHus KPaTHOCTe! BHIOOPKH
OTJIOKMM II0 ocHM abcrucc .3HaueHUA BapHaHT, a IO OCH Op-
AMHAT — KpaTHoOCTH BapuaHT. Ilosyuum caexyoomuil rpapuk
pacipefieleHUsI KpaTHocTe#r BbIOOpKHU (puc. 5.1):

A KpaTHocTb
BapMaHTHI

61

5q..

4 4

3“

21

11 = * Bapuanra
38 30 40 41 42 43 44 45 46 47 48 40 50

5.5

Oteer: 12; 46; 44,5.

ITocTpoiiTe rpaduKy U rHCTOrpaMMBI Ha MHTepBanax 1-3, 4-6,
7—9 pacnpegesieHHUs KPATHOCTEM M YacTOT BBIOODKM AJINH CJIOB U3
IIPUBEAEHHOr0 HUXKe OTphIBKa cTuxorBopeHusa A. C. Ilymkuna
«XpaHN MEeHA, MOI TaJIHNCMaH»:

«XpaHu MeHA, MOM TaJIUICMAaH,
XpaHu MeHA BO AHU T'OHEHbd,
Bo nHm packasgHbs, BOJHEHbA:
Tbl B AeHb IIevaau OblJI MHe AaH...»



I'snaBa 5. JieMeHThl KOMOMHATOPUKHU, TEOPHMH BEPOSATHOCTEH M CTATHUCTHUKHU

PeweHune. PaccMOTpUM TEKCT OTPBIBKA CTUXOTBOPEHHUSA U CIIpa-
Ba B KaXJOil CTPOKe 3aIHIIEeM AJUHBLI COOTBETCTBYIOIIUX CJIOB

(mpobesibl 1 3HAKM NMPENHHAHUA HEe YUYUTHIBAIOTCH):

XpaHu MeHs, MOM Tajaucmal, 5, 4, 3, 8

XpaHu MeHs BO AHUW TIOHEeHbA, D, 4, 3, 3, 7

Bo mHu packasaHbA, BOJIHeHbsA: 2, 3, 9, 8

Tel B AeHb mevayu OblI MHe gaH. 2, 1, 4, 6, 3, 3, 3

ITonyuum caexpyroiine TaOJIUIIbI:

Tabauua pacnpenejieHUss BbIOOPKH

Bapuanra KomuuecTBo
(muHa 1 2 3 4 5 6 7 8 9
BapuaHr: 9
CJIOBA)
Koar- O6BéMm
par 1 3 6 3 2 1 1 2 1 BBIOOPKH:
HOCTBL
20
TaOauua pacnpegejieHHss YaCTOT BHIOOPKH
Bapuanra KosruectBo
(nnnHA 1 2 3 4 5 6 7 8 9
BapuaHT: 9
CJIOBA)
Kpar- 0O6BeéM
pa 1| 3|6 | 3|2 |1|1] 2|1 su6oprm:
HOCTbB
20
Yacrora | 1|3 | 6 | 3 | 2 |1 |1|2 (1 .
BapuaHTel | 20 | 20 | 20 | 20 | 20 | 20 (20| 20 | 20
YacToTra
BapuaHTel | 5 | 15 | 30 | 15 10 5 5 10 | 5 100 %
(%)




3agauyy ¢ pelieHUuAMH

OTsoxkuM 1o ocu abcuuce 3HaYeHUs BapHaHT, a 0 OCH OPAMHAT
KpPaTHOCTH BapMaHT, MOJYYUM CJIeAyIONIni rpaduk pacmpenaese-
HUA KpaTHocTeil BBIOOPKM (puc. 5.2):

A KpaTHOCTB
BapUaHTHI

6_
5 -

»

Bapuanra

-
(944

o 4 -
R
0 4
R

!
! !
0 1 2

Otnoxxum mo ocu abciycc 3HaUeHUs BapUaHT, a IO OCH OPAUHAT
YaCTOThI BAPDUAHT, MOJYYUM CJEAYIOMNI rpaduK pacrnpeneseHns
yacToT BeIGOpKHU (puc. 5.3):

A Yacrora
BapHUAaHTEI
0,31
0,2+
0,151
0,1+
0,05 T
. : : : : : | % : >
0 1 2 3 4 5 6 7 8 9 Bapuanra
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I'padux pacnpenenenus yacToT BHIGOPKH (%)

A Yacrora
BapuaHTHI, %
30 T+
20 +
15 1+
10 +
5 -+
{ ! } | } : : >
0 1 2 3 5 6 7 8 9 Bapuanra
Puc. 564
Il mMOCTpOeHUs THCTOrPaMM pachnpefesieHUs KpPaTHOCTeN U
yacToT Ha MHTepBanax 1-3, 4-6, 7-9 cocraBuM cieAyIOIIYIO
TabJINILY:
Bapnanra KoanuecTBo
(n1uHa [1, 3] [4, 6] [7, 9]
BapuaHT: 3
CJIOBA)
0O6BeéM
KparsocTb 1+3+6=10 | 3+2+1=6 1+2+1=4 BBIOOPKH:
.20
YacTora 1 3 1 1
BapHaHThI 2 10 5
YacToTa
BapHUAHTH 50 % 30 % 20 % 100 %
(%)

ITonyuum caexpyiomue rucrorpammel (puc. 5.5, 5.6):



3ajayy ¢ pelmeHuAMH

I'mcrorpamma pacnpemejieHMs KpaTHOCTeM

A KpatHocTb

| 7

7 é 9 HnrnHa
cJIOBa
Puc. 5.5

I'ucrorpamma pacnpeneserusa dactor (%)

A Yacrtora, %

9 Hnuna
(%) (): ]

Puc. 5.6

OTBeT: rpaduMKM M THCTOrPAMMEI paclpejejeHUA BBIOOPKH U
YacTOT BRIOOPDKH NIpHUBeJEeHBI Ha puc. 5.2—5.6.
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5.6

5.7

5.8

5.9

5.10

BA30BbLIE 3AOAHN

II7ia M3roTOBJIEHUA TPEXIIBETHBIX PAa3JIMYHBIX (j1aroB KOMaH
CIIOPTCMEHOB, YYACTBYIOI[NX B COPEBHOBAHUAX, UMEIOTCA TKaHU
IATY Pa3JIMUYHBIX I(BeTOB. I[JIA KAKOro umcja KOMAaHJ MOXKHO
H3rOTOBUTh TaKkue ¢arm?

OTBer: 60.

B moxon cobupaercsa rpymnma U3 AeBATH dejioBeK. HeoOxogumo
BBIOpPATh M3 COCTaBa IPyNnnbl PYKOBOAUTEJA, €r0 3aMeCTUTe N,
KasHauesa u moBapa. CKOJBKMMH crmocobfaMH 3TO MOXKHO cle-
JaTb?

OteeT: 3024.

Tpenep mosxkeH BeIOpaTh U3 30 crIOpTCMEHOB KOMaHAy u3 4 ue-
JIOBEK JJis y4aCTUus B UYeTHIPEXITANHOM 3cTadere, OIpelesUB
IIPY 3TOM IOPAAOK BBEIXOJA CIIOPTCMEHOB Ha 3Talnbl. CKOJIBKUMU
crroco0aMu OH MOJXKeT 3TO cAeJaTh?

OrBeT: 657720.

B paitonnsrit coer udbpano 30 memyraroB. I3 Hux HeobOxomu-
MO BHIOpAThH IIpejcelaTelisi COBEeTa, a TaK)Ke IepBOro, BTOPOro
U TpeThero ero 3amecturejieii. KakumM KoJmuecTBOM CIOCOGOB
MOJKHO 3TO CJeJiaThb?

OtBeT: 657720.

CKOJIbKO pPa3JIMYHBIX YETHLIPEX3HAUHEIX YMCEJ MOYKHO COCTaBUTh
n3 uudp 6, 7, 8, 9 npm ycaoBumu, 4To KaxKiaad nmudpa MoOXKeT
COJEepIKAThCA B 3alNHCH YHCJA JIMIIb HEYETHOE KOJUYECTBO
pas?

OreeT: 72.
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BazoBrie 3agaum

5.11

5.12

5.13

5.14

5.15

5.16

CKOJILKO pPa3JIMYHBIX YETHLIPEX3HAUHBIX UHCEJ MOXXHO COCTaBHUTH
n3 nupp 7,8,9,0, ecau kaxgasa nmudpa MoKeT coZepKaThCci B
3amucH uucJa Junib 1 pas?

OteeT: 18.

CKOJIBKO pas3IMUYHBIX TPEX3HAYHBIX YHMCEJ MOXKXHO COCTAaBUTh M3
nupp 4, 5, 6, ecain MUPPLI MOTYT ITOBTOPATHCA?

OteeT: 27.

Ha npsaMoii B3ATH 7 TOYEK, a HaA IapaijieJIbHON el IIpAMOH —
3 TouKu. CKOJIBKO CYLIECTBYEeT TPEeyroJbHUKOB, BepIIMHaAMH
KOTOPHIX ABJIAIOTCA JaHHbIE TOYKH?

OTteeT: 84.

CKOJIBKO CyIIeCTBYeT TPEeyroJbHMKOB, YV KOTOPBLIX BEPUIMHBI
SIBJIAIOTCA BEPIIMHAMH JAHHOrO BBINYKJIOrO 12-yroJpHmuKa, HO
CTOPOHBI HE COBIAQJAAIOT CO CTOPOHaAMM 3TOro 12-yrombHuka?

Oteet: 112.

B kononme umeerca 36 KapT UeTBHIPEX MacTeil, B KaKJOM MacTH
nmeerTcA Ty3. V3 3Toil KOJOABI BBIHMMAIOT OJHOBPEMEHHO JIBe
KapTel. KakoBa BEepOATHOCTH TOT0, UTO 00e KapThl — TYy3bI?

1
OTtBerT: 105°

B kosoze umeerca 36 KapT 4yeTbIPEX MAacTeil, B Ka)XJOM MacTH
nmeercsa Ty3. M3 3Toil KOJIOABI BBIHMMAIOT OJHOBPEMEHHO TPH
Kaptbl. KakoBa BepOSATHOCTH TOTO0, UTO BCE€ TPH BBITAIllleHHBIE
KapThl — Ty3bI?

1
OTBerT: 1785"
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5.17

5.18

5.19

B Memouke HaxoguTcsa 3 KpacHBIX M 4 cuHux mapuka. KakoBa
BEpPOATHOCTb TOTO, UTO BEIHYThble M3 HEro OZHOBPEMEHHO [ABa
IIAPMKA OKaXYTCA KPacHBIMU?

1
OtBeT: —.

7
HOna manocrpanuili yueOHMKa MaTeMaTUKU aBTOD HapPHCOBAJI
pas3Ju4YHble reoMeTpudyecKkue QUIrypsl.

1) Korga oH HapucoBaJ HPAMOYTOJbHBIA TPEYrOJBHUK C I'MIIO-
TeHy30i 70 MM M C OTHOIIEHHEM KAaTeTOB, PaBHHIM 3:4, BHYTDb
TPEeyroJbHMKA yIlajia Kamiafa Tyiuu. KakoBa BepoOsATHOCTH TOrO,
yTO KamJsd Iolaja OJM)Ke K MeHbIIIeMy KaTeTy, ueM K 0oJb-
mnemy?

3
OtBerT: 7

2) Korpa om mapucosas napajiaenaorpamm ABCD c yriom A,
paBHEIM 60°, 1 AMaroHajablo, AeJslled TYIOH yroJ B OTHOIIe-
HUM 1:3, BHYTPh TPEYroJbHHKA ynaja Kamaa tymu. Kaxosa
BEPOATHOCTh TOr0, YTO KAaIlJId momaja OJM)Ke K BeplIMHe A,
yeM K BepmiuHam B u D?

1
OtseT: —.

8
ITocTpoiiTe rpaduku ¥ rucTrorpaMMel Ha mHTEpBasax 1-3, 4—6,
7—9 pacnpeneneHNs KPAaTHOCTEH M YacCTOT BBIGOPKHM AJIUH CJIOB U3
IIPpUBEAEHHOIO0 HUXKe OTpPhIBKa cTuxorBopeHus A. C. IlymixkunHa
«IleBeny»:

«...B3JoxXHYyIM Jb BBI, BHUMAs TUXHUU IJiac
IleBua s1106BM, meBHa cBoeil meyaau?
Korga B jiecax BBl I0HONIY BHUAAJIH,
Bcrpeuas B30op ero moTyxmux riaas,
BagoxHynun ap BeI?»
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Banatm AJA CaAMOCTOATEJBbHOI'o penienns

SAOAHN AN CAMOCTOATENIbHOIO PELLEHUA

5.20

5.21

5.22

5.23

5.24

5.25

5.26

5.27

N3 25 cnoprcMeHOB TpeHep HAOJKEH oTobpaTh KOMaHAY U3
YeTBhIPEX YeJIOBEK JJIA Yy4YacTHA B 4YeTHIPEXITAIIHOM 3cTadere.
CroapKuUMH cnocofaMM OH MOXKET 3TO CAeJaTh, €CJIU eMy TaKXe
HeoOX0AMMO y4YecTh MOPANOK IIpobera aTamoB acTraderni?

A me)XypcTBa IO IIIKOJIe HAZO BBIJEJIUTH U3 KJjacca TPEX He-
BOYEK M ABYX MaJIbUMKOB. CKOJBKMMHM CIIOCO0aMH 3TO MOXKHO
clesaTh, €CJaIN B Kjacce ydarca 15 meBouek um 17 manbuukKoB?

B orpane ua 30 uyemoBex HeoO6xoxMMO M3OpaTh PYKOBOAHUTEISA
U TPEX ero 3amecrureieil. KakuM KoJauyecTBOM CIOCOO0OB 3TO
MOXKHO cIejaThb?

B kxoaoze comepxkurcsa 36 xapr ueThipéx Mmacteil. CKOJIBKMMH
crrocobaMu MOXKHO BbBIOpaTh M3 3TOM KOJIOLBI OJHOBPEMEHHO
4 KapThl pas3HBIX MacTed TaK, UTOObBI B KaXJOM UeTBEPKe He
OBLIIO KapT OJMHAKOBOI'O JOCTOMHCTBA?

CKOJIBKO Pa3JIMUHBLIX YEeTHLIPEX3HAYHBIX UHCEJ MOYKHO COCTABUTH
u3 nudp 7, 8, 9, ecau oHA M TOJBKO OxHA HUdpa COAEPIKUTCA
B 3allCH UYHCJa YETHOE KOJHYECTBO paas?

CKOJIbKO pPa3/IMUHBIX UETHIPEX3HAUHBIX UHCEJ MOYKHO COCTABHUTH
u3 nmuodp 4, 5, 6, 7, 8, 9, 0, ecin HUPPLI MOTYT MOBTOPATHCA?

CKOJIBKO Pa3IMUHBIX YETHIPEX3HAYHBIX UHCEJ MOXKHO COCTABHUTD
n3 nupp 8, 9, 0, omgHa M TOABKO OoAHA IU@PpPa COLEPKUTCA
B 3aIIMCH UHCJa YETHOEe KOJHUYECTBO pas?

CKOJIbKO Pa3MUYHBIX TPEX3HAYHBIX YMCEJ MOXXHO COCTaBUTh U3
nudpp 6, 7, 8, 9, 0, ecoim Kakgaa nmudpa COmepKUTCA B 3alIUCH
yucaa Juilb 1 pas?
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5.28

5.29

5.30

5.31

5.32

5.33

5.34

Ha npsamoit B3ATH 11 Touek, a Ha mapajjieIbHOM el MpPAMON —
5 Touexk. CKOJBKO CYILIECTBYET TPeyroJbHUKOB, BepILINHAMH
KOTOPBIX ABJAIOTCA JaHHBIE TOUKU?

CKOJIBKO CYIIECTBYeT TPeyroJbHMKOB, Y KOTOPHIX BepPILUUHBI
SIBJIAIOTCS BEPIIMHAMH AAHHOro BeINYKJOro 10-yrosnbHmuKa, HO
CTOPOHBI HE COBMAJaloT CO cTOpoHaMu 3tToro 10-yroabHuka?

B Menrouke HaxomsATCa HMIapUKM: 2 »KEJIThIX, 3 cuHUX U 16 Kpac-
HbIX. BacA xouer BBITALINTH M3 MeINOYKa OJHOBPEMEHHO [ABa
mapukKa. KakoBa BepOATHOCTb TOTO, UTO M3 BBITAIIEHHBIX ABYX
IIAPUKOB OAWH OKAXKETCHA JKEJTHIM, a APYrod — CHHUM?

B kosoze mmerorcss KapThel deTHIpEX Macrei. B kaykgoir mac-
T — 1o 9 Kapr Bo rjaBe ¢ Ty3oM. Mwuia HOJI’KeH BBITALIUTh
13 KOJIOALI OJHOBpPeMeHHO 3 KapThl. KakoBa BepOsSTHOCTH TOrO,
YTO CpelH BBITAIlEHHBIX KApT OKaXeTcA XoTs Onl oguH Ty3?

B kosome mmMeroTcss KapTel 4eTHIPEX MacTeil. B Kaxkaon mactu —
nmo 9 kapr. I'punia xouer BBITAIUTH U3 KOJIOABI OXHOBPEMEHHO
IBe KapTel. KakoBa BepOATHOCTL TOr0, UTO BhITAII[eHHbIE KaPTHI
OyayT OoAMHAKOBOI MacTu?

Ha ypoke uepuenus Ilera mo 3afaHWIO YUYHUTEJNA HAUEPTHI TY-
IIBI0O paBHOOeIpPEeHHBIN NPAMOYrOJIbHBIH TpPeyrojJbHUK. Kamnsa
TYILX yIIajia BHYTPb 3TOr0o TpeyrojbHUKa. KakoBa BepOATHOCTH
TOr0, YTO KaIlJIg momaJja OJiM)ke K BepIINHEe IPAMOTO yrja, 4eMm
K BepPIIMHAM OCTPbIX YIJIOB TPEYTrOJbHUKA?

Hnsg PpyHIZaMEHTOB MeTaNJyPruyecKoro 3aBofa H3TOTOBJIEHO

2640 6ypoHabuBHBIX cBail. [l KOHTPOJIA KayecTBa BBHIMIOJHEH-
HBIX CBail CTPOHUTEJbHBIMH HOPMAMH MIpPEeAYyCMOTPEHBI MCIBITAHUSA
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38.1];8.‘-[1’1 AJA CaAaMOCTOATEJIBHOI'o pellieHnsd

He MeHee 0,5 % cBail npoOHBEIMM (KOHTPOJLHBIMHM) HATPY3KaMH.
B cBa3u ¢ oTBeTCTBEHHOCTHIO 00BLEeKTa OBLJIO McHEITaHO 18 cBaii.
PeasynbraThl MCHOBITAHNI ITPUBEJAEHEI B TabuIe:

CBau 1 2 3 4 5 6

PeayabTar
HCIOBITAHUMN, T

620 680 590 610 670 660

CBau 7 8 9 10 11 12

PesynbTaT
HCIBITAHUMA, T

630 650 640 620 640 650

Caau 13 14 15 16 17 18

PesyabTaTt
HUCOBITAHUN, T

670 630 680 660 650 610

Haiigute pasmax, MOAYy M cpefiHee 3HaUueHHe BbIOOPKM 3HAUEHUH
M3 BTOPOH CTPOKH TaOJUIIEI.

5.35 JlnAa ycTpaHeHHs TpeUIMH B CTeHaXx U (PyHIaMeHTaxX CTapbIxX
3HaHUN MPUMEHAIOT IEMEHTHBIM PacTBOP C Pa3IMYHBIM COIEpP-
JKaHHEeM IO Becy COCTaBJAIOIINX BeIecCTB — BOJBI, II€MEHTA,
CHeIHaJIbHOM I'IMHBI U J00aBOK, KOTOPhIE PEryJUpyIOT 3aTBep-
IeBaHue pactBopa. Ha puc. 5.7 mpencraBjeHBI TPH KPYroBbIE
muarpamMmMmel. OnpefennTe, xakas M3 JHArpaMM COOTBETCTBYET
pacTBOpy, coleprKalleMy HauMeHbIllee KOJIMYecTBO BOAbl. B oT-
BeTe YKa)XUuTe HOMep AuarpaMMbl.

JT00aBKH

ODeMEeHT

BOZA

OO0 N &

Puc. 5.7

IIeCOK
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I'naBa 5. Dj1eMeHTH] KOMOMHATOPUKH, TEOPHMH BEPOSTHOCTEM M CTATHCTUKU

5.36 Ha puc. 5.8 npencrasiieHsl TPM KPYyroBhle AUarpaMMbl, OTpa<a-
IOIIe cCoAepKaHMe II0 BeCcy IIEMEHTa, BOALI, IIeCKa M CIeIHalb-
HBIX Z00aBOK [AJIA Pas3jIMYHBIX BHIOB IITYKATYPHBEIX PACTBOPOB.
Onpenenure, KaxKaad U3 AUArpaMM COOTBETCTBYET pacTBOPY C
HanOOJBIINM COAEp)KaHUEeM IlecKka. B oTBeTe yKa)XurTe HOMEp
IUuarpaMMBl.

mpobaBKH

OEMEHT

BOJIa

OO0 N =

IIECOK



FNIABA 6

AKCNOMBbI MITAHUMETPUN.
TPEYTIOJIbHUKW

N YETbIPEXYIOJIbHUKMN.
MHOIOYI OJIbHUKWA

OCHOBHbIE TEOPETUYECKUE CBEOEHWNA
AKCWUOMbI NnaHumMmeTpumn
TpeyronbHnkun
YeTbipEXyronbHUKU

MHoroyronbHuku. NpasunbHble MHOMOYrofbHUKW
3A0A4YN C PELLEHNAMU
BA30BbLIE 3AOAYU

SA0AYN ONA CAMOCTOATESIbHOIO PELWWEHUA



OCHOBHbIE TEOPETU4HECKWUE CBEAOEHUA

AKCOMBbI NnaHuMeTpum

IIpuBeéM aKCcHOMBI IIKOJBHOrO Kypca ILJIaHUMETPHUHU:

I,. KaxkoBa 6bl HM OblIa MpAMasd, CYILIECTBYIOT TOYKH, IIPUHAJJIE-
JKalye 9TOM IIPAMOM, M TOUKH, He NMPUHAJAJIEXKalue eu.

I,. Hepes mro6ble ABe TOYKU MOXKHO IPOBECTH NPAMYIO, ¥ TOJBKO
ONHY.

II,. I3 Tpéx TOo4yeK Ha NPAMOM OAHA M TOJBKO OHHA JIEXKHUT MEXKIY
IBYMA IPYTUMH.

II,. IIpamasa, nmpuHaAJeMxamas IJOCKOCTH, pa3buBaeT 3Ty ILjIOC-
KOCTh Ha JABe IOJYILJIOCKOCTH.

III,. Kaxkzabiii OoTpe30K HMMeeT ONpeJeJ€HHYIO JJIMHY, GOJBIIYIO
HyJasa. [lJInHA oTpe3Ka paBHa CyMMe [OJHUH 4YacTeil, Ha KOTOpbIe OH
pa3buBaeTcsa J10060if ero TOYKOM.

III,. Kaxxnaeiii yros mmeer onpeneséHHYI0 I'pajyCHYyI0 Mepy, 60jb-
myo HyJds. PassépryTsiii yroa paBen 180°. I'pagycHas mepa yria pas-
HA CyMMe I'PayCHBIX Mep YIJIOB, Ha KOTOpPhLIE OH pa3buBaeTcs JIIOOBIM
JIY4OM, HPOXOAALIMM MEXJY ero CTOPOHaMH.

IV,. Ha n1060if monynpAMoOd OT €€ HayaJbHOM TOUKH MOYKHO OT-
JIOXKUTh OTPE30K 3aJaHHOM AJHHBLI, U TOJBKO OJHH.

IV,. Ot n1060i1 nonynpAMOR Ha CojepsKalleil eé IJIOCKOCTH B 3a-
JAHHYIO MOJYILJIOCKOCTh MOXKHO OTJIOXKHUTH YIroJl C 3aJaHHOM I'pafyCHOM
Mepoii, MeHbineil 180°, u TONBKO OAUH.

IV,. KakoB Obl HM OBLI TPEYyroJbHUK, CYIIeCTByeT PaBHBIA eMy
TPEeyroJIbHUK B JAHHOHM ILJIOCKOCTH B 3aJJaHHOM pPAacCIOJIOXXEeHHH OTHO-
CHUTEJbHO HAHHOWU MOJYNPAMOH B 9TOM IJIOCKOCTH.

V. Ha niockocTy yepe3 TOUKY, He JIEHKAIIYI0O HA JaHHOM NPAMOIi,
MOXXHO ITPOBeCTH He 0ojiee OZHOM IIPAMOM, IapajjeIbHON NaHHOIA.
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OcHOBHBIE TeopeTn4YeCKHe CBeJeHHnA

TpeyronbHuUKu

Buasl TpeyroJIbHUKOB
ITo cTopoHaM TpPeyroJbHHKA MOYKHO ONpeNeJUTh ero BHUI CJeny-

IOMKM obOpa3oM:

IIycts a, b, ¢ — CTOpDOHBI TPEYroJbHUKA; ¢ — HAMWOOJbILIAA M3

CTOpPOH, TOrza.

1)
2)
3)

1)
2)
3)

1)
2)
3)

1)

2)

1)

ecau c2<a?+b?, To TPeyroJLHUK — OCTPOYTOJbHBIH;
ecau c2=a?+ b2, To TPEYyroJIbHUK — IIPAMOYIOJBbHBIH,
ecau c2>a?+ b2, To TPEyrolbHUK — TYIOYIroJbHBIM.

PaBeHCTBO M nmMogo0ue TPEYroJbHUKOB

CyurecTByIOT cienyloniye TP IIPU3HAKa PaBEHCTBA TPEYroJbHUKOB:
II0 ABYM CTOPOHAM M YIJIy MEXAY HUMU;

110 OOHOM CTOPOHE M ABYM IIPHJEKAIMM K HeHl yriam;

110 TPEM CTOPOHAM.

Cy1iecTByIOT ciaeAyiollle TP IIPU3HaAKa IM0a00uA TPeyroJbHUKOB:
10 IBYM CTOPOHaAM M YIJy MEXJAy HHMU;

110 ABYM yrIJjiaMm;

10 TPEM CTOPOHAM.

OTMeTHM cJeAyIOI e BaXXKHbI€ CBOMCTBA MOLOOHBIX TPEYIrOJIbHUKOB:
OTHOILIEHHE COOTBETCTBYIOIIUX II€PHMMETPOB, MeAMaH, BBLICOT, OmcC-
CEeKTpHC NOAOOHBIX TPEYTOJbHHKOB PaBHO KO3((PHUIINEHTY IOA00MA;
OTHOILIeHHE IIoliajieii MoJo0OHBIX TPEYyroJbHUKOB PABHO KBaJApaTy
KoabduineHra nogodbus.

MeguaHbl, BBICOTBI U OMCCEKTPHCHI TPEYroJbHHKA
CsoiicTBa MequaH:
MeguaHbl repeceKalTCA B OAHOM TOUKe (IEHTP TAMKECTH) U JeJIATCH

3TOM TOYKOM B OTHomeHHu 2:1, cumras or BepmiuHbl (puc. 6.1):
AO:OD=BO:0E=CO:0F=2:1.
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I'naBa 6. TpeyrolbHMKHM M YeTHIPEXYTrOJbHHKH. MHOrOyroJlbHUKH

2)

3)

4)

Ka)xmaa MenmaHa JeJHUT TPEYyroJb-
HUK HAa JBa PABHOBEJHMKHX TPEYyroJb-
HHUKA.

MenuaHbel JeJadAT TPEeyroJbHHK HAa
6 paBHOBEJIHKHX TPEYroJbHUKOB.
dopmyJia A BEIYHCIEHUSA MeIUAHEI
MMeeT CJeIyIoIuil BULI:

V2b2 + 2¢2 — a2
m,= 2 , TAe m, — Meau-

aHa, MPOBeJIEHHAA K CTOPOHE a.

CBoiicTBa BBICOT:

BrICcOTHI TpeyroibHHKA IIEpPeceKaloTCcsa B OJHOM TOUKe, Ha3bIBaeMOU

OPTOIIEHTPOM TPEeyroJbHUKA.

Bo3MoKHEI caenyooline TPU CJaydas pPacloIOKEeHHA OPTOIEeHTpa:

— OPTOLIEHTP OCTPOYTOJILHOT'O TPEYroJIbHUKA JIEXKUT BHYTPHU Tpe-
yroabHuKa (puc. 6.2);

— OPTOILIEHTP MPAMOYTOJBHOIO TPEYTrOJbHUKA COBIIAJaeT C BEpILU-
HOU IIpAMOroO yrJja;

— OPTOIEHTP TYNOYTOJBbHOI'O TPEYIrOJbHUKA JIEXKUT BHE TPEYIoJib-
HuKa (puc. 6.3).

B

Q [ S —

Puc. 6.3
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OcHoOBHBIE TeopeTHUYEeCKHNEe CBedeHNdA

3)

1)

2)

3)

4)

1)

2)

1)

BricoTe! h,, h,, h, TpeyroipHuKa 06PATHO NPOMNOPIMOHAJBHBI €r0
CTOpOHaM a, b, c: ha:hb:hc=%:% %

CsoiicTBa GHMcceKTpuUC:

BuccekTpuchl nepecekalTcsa B OZHOM TOUKe — IEHTPe BIIMCAHHOM
B TPEYTOJBbHUK OKpPYKHOocTH (puc. 6.4).

Kaxxpas OGucceKTpHca JEeJIUT IIPOTHBOIOJOMKHYIO CTOPOHY IIpOM3-
BOJIBHOT'O TPEYroJbHHKA Ha OTPe3KH, NMPOMOPHHOHAJBHEIE IBYM
IPYrdM CTOPOHaM, HaIpuMmep, IJasa OoumccekTpuchl BE :
AE:CE=AB:BC.

BuccexTpucsl BHyTpPEeHHEro M BHEII-
Hero yrJjiOB TPeyroJbHMKa B3aHMHO
nepneHguKyJAPHBI.

dopmyna AJA BBIYHUCJIEHHUA IJINHEI
O01CCeKTPHUCHI MMEeT CJAeAYIOLINA BUI:

A
2bccos§
l,=—3+- =VAB-AC-BD-DC, rze
l, — OuccexkTpuca yria IpH BepIIH-
He A.

CpegHsasa JUHUA TPEeYroJbHHKA U €€ CBOMCTBA

cpeAHAA JHUHHUA IapajlileJibHA TpPeTbell CTOPOHE TPeyroJibHUKa
U paBHAa e€ I0JIOBUHE;

CpenHAA JMHUA OTCEKaeT TPEeYroJbHHUK, MOZOOHBIM HCXOLHOMY,

¢ Koa(pPHUIIUeHTOM Hom00usa 5
CyMMa BHYTPpeHHMX YTJIOB TPEYroJbHHKA
CyMMa BHYTPEeHHHUX YIJIOB TpeyroJbHHKa paBHa 180°.

IIpAMOYTOJBbHBIN TPEYTOJBHHUK

Teopema IIudaropa: B npamoyzorvbHom mpeyzonvHuke Keadpam
ONUHbL 2UNOMeHY3b. pasen cymme kKeadpamos8 OJAUH Kamemoas:
c2=a?+ b2, roe runorenysa AB=c, karersl AC=b, BC=a.
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I'naBa 6. TpeyrolbHMKH U UYeTHIPEXYrOJbHHUKH. MHOroyroibHHUKH

2)

3)

3)

4)

Teopema, oOpaTHasa teopeme IIudaropa: Ecau 6 Hexomopom
mpeyzoavHuke Keadpam OJUHbL O0HOIL CMOPOHbL PABEH CYMMe
Keadpamos 0aun 08yx Opyzux CMOPOH, MO 9MOM MPeY2oibHUK —
NPAMOY20SbHbLU.

B npsaMoyroirHOM TpeyrojbHHKE BBIMOJHAKTCA CJAEAYIOIIUe CO-

OTHOIIIEHUA MEXXJY ero cropoHamu u yriaamu (puc. 6.5):

sina=£ cosot=£ tga=£ ctga=£.
AB’ AB’ AC’ BC
ITH COOTHOILEHHUSA TaKiKe NPUHATO HA3bIBATh «pPEHIeHUSAMH IIpHA-
MOYTOJILHOTO TPEyroJbHHUKAa».
IIpoexmuu c,, ¢, COOTBETCTBEHHO KaTeTOB a, b Ha I'UNOTeHy3y ¢

obsagaroT ciaeayouiuMu cBoiicrBamu (puc. 6.6):
ab a+b
h=ve,c,, a=vVcec,, b=yce,, h_T—ac+bc'

Mennana, npoBeiéHHAA M3 BEePIIMHBI IIPAMOro yrJja Ha I'MIOTeHY3Y,

paBHa IOJIOBMHE THUIIOTeHy3bl: CM =%AB.

BepHo Takxke U oOpaTHOe yTBepXKAeHHE: ecJIH B HEKOTOPOM Tpe-
YroJbHUKE AJINHA OGHON M3 MeANaH paBHA IOJIOBUHE TOl CTOPOHBEI,
KOTOPYIO OHa MAEJHUT IIOII0JIaM, TO 3TOT TPEYroJbLHUK SBJISETCA
npAMOyroabHbIM (puc. 6.7).

Puc. 6.5




OcHOBHBIE TeOpeTHYeCKHNe CBeadeHHusdA

HYeTbIPpEXYronbHUKHN

IIapannenorpaMm M ero CBOMCTBA

1) npoTHBOMOJIOXKHBIE CTOPOHBI MapaJijieiorpaMMa pPaBHBI;

2) IIPOTHBONIOJIOXKHBIE YIJIbI IIapajliejiorpaMMa paBHBI;

3) cyMMa yIJioB, HPHJIEXKAIIHUX K JII000M M3 CTOPOH MapaJjuiejiorpaMma,
paBua 180°;

4) 7auaroHaJu IapajijiejiorpaMMa JAeJATCA TOUYKOH HX IepecedyeHus
II0I1I0JIaM;

5) TO4YKa mepeceyeHUA AUAroHaJiell mapaJjiiejorpaMMma ABJIAETCS ero
IIEHTPOM CHMMETPHUH;

6) cyMMa KBaApaToB IJHH AWaroHajeil MapaJjJjejiorpaMMa paBHAa
VABOEHHOI1 CyMMe KBaZpaTOB IJIMH €ro CTOpoH: d?, +d?,=2(a%+b?)
(puc. 6.8).

Puc. 6.8

Pom0 u ero cBoscrTBa

1) Bce cropoHBI poM0a paBHBHI;

2) nmumaroHajau pomba B3aMMHO Iep-
MMeHAUKYJIAPHBI ¥ ABJIAIOTCA OHC-
CeKTPHCAMHM e€ro BHYTPEHHHUX yr-
JIOB;

3) mnpsaMble, comepKalye fuaroHa-
g pomba, ABJIAIOTCA €r0 OCAMHU
cuMmMmeTpuu (puc. 6.9).
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I'maBa 6. TpeyronbHMKHN M 4eTHIPEXYTroJbHUKH. MHOroyroJlbHUKH

1)
2)
3)
4)
9)

6)

7)

1)
2)
3)
4)

o)

6)

IIpaMOYTOJIBHMK U €ro CBOMCTBA

CTOPOHBI NMPAMOYTOJbHUKA ABJSAIOTCSA €ro BLICOTAMH;

OIUaroHaJu NPSAMOYroJbHUKA PaBHBI;

IUATOHAJIN IIPAMOYTOJBbHUKA TOUYKOM IepeceYeHHA HEATCS IIOoNoJIaM;
IIPOTHUBOIOJIOXKHBIE CTOPOHBI NPAMOYTOJLHHUKA PABHEI;

VIJIBl, IpUJEXXKaliue K J000i M3 CTOPOH NPAMOYroJbHHKA, —
IIpAMEIE;

KBaJpaT IJUHBI JUAroHaJN NPAMOYTIOJbHHKA PaBeH CyMMe KBaj-
paToB IJIUH €ro CTOPOH;

NIpAMEIE, COAep)Kalllie CepeANHHbBIEe NMEePNeHANKYIAPEl K CTOPOHAM
MIPAMOYTrOJbHUKA, ABJIAIOTCA ero ocAMu cumMmerpuu (puc. 6.10).

KBaapar u ero cpoicrBa

CTOPOHBI KBaJpaTa PaBHBI U MONAPHO B3aMMHO IE€pPNEHAUKYJIAPHBI;
IuaroHaJu KBajJpaTa paBHbBI ¥ B3aUMHO NepPHNeHANKYJSAPHSI;
OMaroHaJid KBaJpaTa TOYKOM IlepeceyeHMuA AeJATCA IOII0JaM;
IIpSAIMBIE, COAepJKallye HUaroHaJyd KBajapara, ABJIAIOTCA OHCCEKT-
pucaMu ero BHYTPEHHUX YTIJIOB;

IIpSAIMBIE, COZepJKallye AUaroHayJu KBajpaTa, U INpAMEIE, COAep-
JKalue cepefVHHBIE IEPIEHAWKYJIAPHI K CTOPOHAM KBajpara,
SIBJIAIOTCA €ro OCAMHM CHMMETPHH;

TOYKa MepecedyeHusA AUaroHajieil KBajpara SABJIAETCA €ro IeHTPOM
cummerpun (puc. 6.11).

B C

Puc. 6.10 Puc. 6.11
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OcHOBHBIE TeOpeTHUYECKHE CBeJeHHudA

Tpanmeuusa u eé cBOMCTBA

OcTaHOBHMCS Ha OCHOBHEIX 3jieMeHTax Tpanenuu (puc. 6.12). Ila-
paJyieabHble cTOPOHBI AD 1 BC HaA3bIBaIOTCA OCHOBAHUAMU TpaIlleluH,
a nBe apyrue AB u CD — 6okxosvimu cmopornamu. PaccroasHme Mexny
OCHOBaHMUAMM Tpalleuy Ha3bIBaeTcA avicomoii mpaneyuu. OTpe3ok
MK, coepuHAOMNN cepeAuHbBl OOKOBHIX CTOPOH, Ha3bIBaeTCA cpedHell
JUHUell Tpanenuun.

W "
/L P\7l

A D

Puc. 6.12

Cy1iecTBYIOT claeAyIOI[He YacCTHBIE CJyYaud TPaIleImuu:
1) PaBaOOOuYHOH (paBHOOEeIPEHHOM) Tpamenuell Ha3LIBaeTCA Tpare-
1A ¢ paBHBIMH 60KOBEIMU cTopoHamu (AB=CD). B atom cayuae

YyIJbl NPH KaXXJAOM OCHOBaHMHM TpallenUyd COOTBETCTBEHHO DaBHHI
(£A=4D, £B=/C) (puc. 6.13).

B C
O
] ]
A X v, L
Puc. 6.13

2) IIpamMoyroabHOM Tpamenuel Ha3bIBaeTCHA Tpalenus, OAUH U3 YIJIOB
KOTOPOM — IIPAMOM.
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I'naBa 6. TpeyroJbHUKH U YETHIPEXYTroJbHUKKH. MHOrOyroJbHHKH

Cpeansasa JMHHA Tpalmeluu U €€ CBOMCTBA

1) cpemHAA JUHUA Tpameluu NapajljielbHAa OCHOBAHUAM TpameIui;
2) p[auHa cpelHeN JMHUH Tpameluy paBHA IIOJIyCyMMe AJHH OCHOBAa-

A—QZ—BC- (puc. 6.12);

3) cpenHaAd JUHHUA TPANeIlUH NEJIUT II0I0JaM JII000M OTpPe3oK, 3aKJII0-
YEHHBIH Me)XJY OCHOBAHUAMM TpalleIluH.

HUM Tpanenuu: MK =

MHoroyronbHuku. NMpaBunbHble MHOIFOYrosbHUKU

OcHOBHBIE TeopeTHYECKHEe CBeIeHHUA

IInsa peleHuA 3aja4 HAM MOHAA00ATCA OCHOBHBIE CBEJIEHUS O IPOC-
TBHIX MHOTOYTOJBHHMKAX, T. €. MHOTIOYrOJbHUKaX, HJA KOTOPBIX JiOMa-
Has, ABJAIONIASACA WX I'paHUIleii, He MMeeT caMmorepecedyeHuit. as
HATJIASHOCTH IOHATHA <«IIPOCTOH MHOTOYTrOJBHHK» MBI IIpejJjaraem
Ha PHMCYHKAax u3o0pakeHMsa MPOCTOro MHoOroyrojJbHuka (pmc. 6.14)
M MHOT'OYIOJbHUKA, He SABJAIOIIErocsa mpocteiM (puc. 6.15).

B

Puc. 6.14 Puc. 6.15
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OcHOBHEIE TeopeTHYeCKHe CBeJeHHnsA

BBINYyKJBIH MHOTOYTOJIBHUK M €r0 CBOMCTBA
Cpenu BCeBO3MOXKHBIX IPOCTHIX MHOTOYTOJbHUKOB BBIAEJIAIOT BBITYK-

Jbie MHoroyroarHuKH. Ha puc. 6.16 mHoroyronsank ABCDEF siBnsiercs
BLIMYKJILIM, B TO BpeMA Kak MHOroyroJbHuK ABCDE, pacroyoyKeHHBII
Ha puc. 6.14, — mpocToii, He ABJAIOMINICA BBIITYKJBIM.

1)
2)
3)
4)

OTMeTHM cJIeAyIolIle CBOMCTBA BBINMYKJbIX MHOT'OYTI'OJBHUKOB:
CyMMa BHYTPEHHHUX YIJIOB BBIIYKJIOI'O N-yroJbHUKA paBHa 180°(n—2);
CyMMa BHEIIIHUX YIJIOB BBIINYKJIOIO N-yrojbHUKa paBHa 360°;
n(n-3).

9
AUaroHaJid, BBIXOAAIINE U3 OJHON BEPIINHLI, pa30HMBaIOT BBEINTYK-
JBIM N-yroJbHUK Ha n-2 TpeyroJbHUKA.

YHUCJIO ,I[I/IaI‘OHaJI(i‘ﬁ BBIIIYKJIOTO n-yrojdbHHMKa paBHO

IIpaBUJIbHBIH MHOTOYTOJBHHUK M €r0 CBOMCTBA
BBINYKJBIT MHOrOYTOJbHUK, Y KOTODPOTO BCE CTOPOHBI M YIJIBI

PaBHBI, Ha3blBaeTCaA INpPaBHJIbHBIM.

K ocHOBHBIM CBOICTBAM NPAaBUJIBHOIO MHOTOYTOJBbHHUKA OTHECEM

caemyIolue:
. 180°(n — 3)
1) kaxawlii yroJ npaBUJBLHOIO MHOTOYTOJILHHUKA PaBeH — 5 > Ime
n — 4YHCJO ero yrJioB;
2) 1LEeHTp NpaBHUJIBHOI'O MHOTOYIOJIbHUKA PABHOYIAJIEH OT €ro BEPIIHH;
3) IeHTp NMPaBHWJIbHOI0 MHOTOYTOJILHHKA PABHOYIAJIEH OT €ro CTOPOH;
4) B IpaBUJbHBII MHOTIOYIrOJbHHMK MOYKHO BIHCATh OKPYXXHOCTh M
OKO0JIO HEero MOYKHO ONHCATh OKPYXHOCTB;
5) I1IeHTpHI BIIMCAHHON M ONMHCAHHOM OKPY KHOCTEI COBMAJaIOT C I[€H-

TPOM NPaBUJIBLHOI'O MHOroyrojgbHukKa (puc. 6.17).

B__¢
A
D
F E
Puc. 6.16
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I'naBa 6. TpeyroibHUKH U UYETHIPEXYTrOJbHUKH. MHOrOyroJlbHHKH

3A0A4HN C PELLEHNAMW

6.1 VYroa A B Tpanenuu B 5 pa3 MeHbIe yriaa B (puc. 6.18). Haii-
IUTEe rpaJycHBIe Mepsl yrioB A u B.

B C

Puc. 6.18

Pewenne. Cymma yriioB A u B B Tpanenuu, NpHUeramolux K eé
OoxoBoi1 cTopoHe, paBHa 180°. O603HaYNM I'paJyCHYIO Mepy yIJia
A uepe3 x. Torma moayumum cienyroiiee ypaBHeHue: x + 5x =180,
6x=180, x=30. Takum o6pasom, rpagycHas Mepa yrja A paBHa
30°, a rpagycHasa mepa yriaa B paBma 150°.

Oteer: 30°, 150°.

6.2 B Tpeyroapauke ABC (puc. 6.19) yron B B nBa pasa 6oJblie
yriaa A. 3BeCcTHHI AJHHEI ABYX CTOPOH TpeyrojabHuka: AC =06,
BC=4. Haitnure iMuHYy MeAuaHbl, IPOBEAEHHON K TpPeTheil CTO-
pOHEe TPeyroJIbHHUKA.

M X

Puc. 6.19
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3ajayyu ¢ pemIeHHAMH

6.3

PeweHue.
1) Ona maxoxaeHua meauanbl CM, nNpoBelEéHHON K TpeTbei
CTOPOHE TPEYroJLHHKA, BOCIOJb3yeMcss (PopMyJoi

_ y2AC? +2BC?-AB?
CM— 2 .

Yr10o6p NPUMEHHUTHh 3Ty (POPMYJYy, HaAO0 HAWUTH IJUHY TpeTbhbeu
cropoHbl AB Tpeyroasrauka AABC.

2) Taxk xak 1o ycjgoBHIO 3amauym yroa B B mgBa pasa 06oJbIie
yraa A, To npoBeném Omuccekrpucy BD yraa B.

3) IIna HaxoxaeHus IJauHBI AB paccmorpuM mnoxoOHBIE Tpe-
yroapHUKN ACBD u ACAB. O6o3HayuM JIJHHY CTOPOHHI AB
yepes x, AJAUHY orpe3ka AD uepes y. Iloayuum:

CB_CD 4 6-y 10

AC CB’6 4 Y73

10
AB_AD x_ y x__ 38 ._g
BC DC’ 4 6-y’ 4 10’ '

°~3

Takum ob6pasom, Tperbs cTopoHa AB=25.
5) Haitném meguany CM:

Y24C? +2BC?-AB? 2:62+2-42-52 72+32-25 79
2 - 2 - 2 o2

J7@

OtBerT: 5

CM =

IInaroHanu Tpanenuy PaBHBI X B3aMMHO IepPHeHAWKYJIAPHHI.
HauHa BeICOTHI Tpamenmuu paBHa 17. Haligute ninuHy cpemHen
JUHUHN Tpalenuu.

PeweHue.

1) Ina "HaxoxxaeHusa cpenHeit suuuu LN, LN=LO+OT+ TN,
Tpanenuy HalAEM AJHUHBI COCTABJIAIOIINX eé oTpe3koB LO, OT,
TN (puc. 6.20).
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I'naBa 6. TpeyroJbHNKHN M YEeTHIPEXYTrOJAbHUKH. MHOrOYroJbHHKH

B C

Puc. 6.20

2) Paccmorpum BeicoThl Tpanemuun BM u CK. TpeyroabHUKH
AACK u ADBM paBHBI Kak HOPAMOYIOJIbHbIe II0 T'MIIOTEHY3e
n kKarery. CiemoBaTeslbHO, COOTBETCTBEHHBIE 3JIEMEHTHI 3THX
TpeyroJabHuKOB paBHbl: LCAK =/BDM.

3) Paccmorpum TpeyroabHuk AAPD. Ilo yciaoBuio 3aauyml 3TOT
TPEYTrOJbHUK — MPAMOYIOJbHBIN, CJIEe0BAaTENIbHO:

LCAK =/ZBDM =45°.

4) Yraslt ACK n BDA paBHBI Kak yIJIbl CO B3aMMHO II€PIIEHIU-
KYJAPHLIMH CTOPOHAMH, CJIEJOBATEJLHO:

LCAK = /BDM = LZACK =45°.

3Hauurt, TpeyroabHUK AACK — paBHoOGenpenHsblii: AK =CK.

5) Tpeyroabanku AACD u ADBA paBHBI IO JBYM CTOPOHaM
u yray mexay Humu: BD=AC no ycunosmio, AD — obmada,
ZCAK = ZBDM = 45° no mokasanHomy B n. 2. CiemoBaTesbHO,
CD=AB u tpanenusa — paBHOOeIpeHHAad.

6) IlocxkoapKy Tpamenmusa — paBHoOOeApeHHas, To orpe3ku LO
u TN paBHbl, npuuém 2LO=2TN =AM. CirenoBaTejbHO, CPeIHASN
auaua LN=0T+AM =AK. Ho B 1. 4 nokasaHo, uto AK =CK,
sHauut, AK=17.

7) CpenHsasa nquHUA paBHOOenpeHHOM Tpamenmuu LN =AK=17.
OtseT: 17.
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BasoBbie 3amaum

6.4

6.5

6.6

6.7

6.8

BA30BbIE 3AOA4U

Yron A B Tpanenuu B 3 pasa MmeHbnie yria B (puc. 6.21). Haii-
IUTe rpagycHble Mepbl yrjioB A u B.

B C

A D
Puc. 6.21

OTeeT: 45°; 135°.

B npsMoyrosbHOM TpeyrojbHUKe KaTeTnsl paBHBI 21 u 28. Haii-
IUTe IJUHBI OTPE3KOB, Ha KOTOPbIe T'HMIOTeHy3a pa3buBaeTcs
OMCCEeKTpPHCON MPAMOro yrJa.

OreeTt: 15; 20.

B Tpeyronbaunke ABC yron A B nBa pasa 6Goabiie yriaa C. HUs-
BeCTHBI JAJIMHBI JABYX CTOPOH TpeyroabHukKa: AB=8, BC=12.
Haiigure AauHYy TpeThell CTOPOHBI TPEYroJibHHKA.

Oteer: 10.

JI1uHBEl OCHOBaHHWE Tpamnenum paBHbl a u b. Haiigure aauny
cpeqHel JIMHHUM TpaIleIuiu.
a—-b

OTtBerT: 5

ITokaKuTe, UTO B Tpalenuy OMCCEeKTPHUCHI YIJIOB, MPUJIETraloUInX
K O0KOBOI1 CTOPOHE, IepeceKaloTCA oM NPAMBIM YIJIOM B TOYKe,
JexKalleil Ha cpeiHed JIMHUH.

Yka3zaHue: BOCIOJIL3YHTEeCh TEeM, YTO CYMMA YIJIOB, IIPHUJIETAIOIIUX
K O0KOBOIi cTopoHe, paBHa 180° u cBoiicTBaMu paBHOOEIPEHHOIO
TPEeyroJIbHUKA.
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I'naBa 6. TpeyroibHMKH U 4YeTHIPeXYIroabHUKH. MHOIoOyroJrHHUKHA

SAOA4HN 019 CAMOCTOATEJIbBHOINO PELWWEHUA

6.9

6.10

6.11

6.12

6.13

Yron B B Tpanenuu B 9 pa3 Gosbine yrima A (puc. 6.22). Haii-
IUTe rpagycHble Mephbl yrjioB A u B.

B C

Puc. 6.22

B TpeyroabHuke yron B B aBa pasa Gosbiie yriaa A. VI3BecTHBI
IJUHBI IBYX cTOPOH Tpeyroabuuka: AC=6, BC=4. Haiigure
IIePUMETP TPEeYyroJbHUKA.

Haitnure nepumerp KBajpaTa, BINCAHHOTO B NPAMOYTOJBLHBIMN
TPEYIroJIbHUK C KaTeTaMu 3 U 4 ¥ MMEIOIIEro ¢ TPeyroJbHUKOM
o0IIMiI MPAMOM YyroJ.

B tpeyronbauke ABC u3BecTHHI IJHHBI ABYX cTOpoH: BC =12,
AC=15. Ha cropone AB B3saTra Touxka D Tak, uro BD=8, Ha cTo-
pore BC B3aATa Touka E Tak, uro Beauuunsl yriaoB BDE u BCA
paBHbl. Haiinure nnuny orpesxka DE.

Touku ABCK — cepefuHBbI CTOPOH IIPOM3BOJBLHOIO YETHIPEX-
yroabHuKa. Jlokaxxkure, 4To deThipéxyroibuuk ABCK — mapaJ-
JIeJIOTPaMM.



NABA 7

OKPYXHOCTb. KPYI'. BIMTMCAHHbIE
N ONMUCAHHbBIE OUTYPbI

OCHOBHbIE TEOPETUYECKUE CBEOEHWUA
OKpyXHOCTb 1 npamas
OKpPYXHOCTb U TO4Ka

MeTpuyeckme CoOTHOWEHUS B OKPYXHOCTU. CBOMNCTBA KacaTesibHbIX
K OKPY>XHOCTU

Yrnbl, CBA3aHHbIE C OKPYXHOCTbIO
OKPYXHOCTb N TPeyrosibHuK
OKpPYXHOCTb U 4eTbIPEXYrofibHUK

COOTHOWEHUA Mexay CTOPOHOW NPaBUNIbHONO MHOMOYrofibHUKA
N paguycamMm BNUCAHHOW WU ONUCAHHOW OKPYXHOCTEWN

3A0A4YN C PEWWEHUAMU
BA3OBbIE 3A0AYU

3A0AYUN ONA CAMOCTOATENIbHOINO PEWEHUA



OCHOBHbIE TEOPETU4HECKWUE CBEAOEHUA

OKpPY)XXHOCTb U NpsaMas

Bo3MOXXHEI CJIeAYIOLINE CAy4Yay B3aMMHOI'0 PACIIOJIOKEHUA OKPYIK-

HOCTH M NPAMOMH:

1)

2)

3)

OKpy)XHOCTL M NIPAMasg He MMET 00IuxX ToueK. B aTomM ciayuae
paccTosiHNe OT IeHTPa OKPYKHOCTH OO0 IIPAMOM 6GoJbIlle pazuyca
OKPYKHOCTH.

OKpyY’KHOCTH, M IIpsAMas MMEIOT JBe ofiime Touku. B arom ciydae
paccTOsTHME OT IeHTPa OKPY KHOCTH OO0 IIPAMOM MeHbIIIe paguyca
oxpy»kHocTH. IIpssMast Ipu TaKOM PacroJIOXKeHNN HA3bIBAETCH CEKYIeH.
OKpY)KHOCTL M IIpAMAafd HMMEIOT OAHY OOINYyI0 TOUKY (IpaBuUJbHEE
Oyzmer ckasaThb — JiBe coBHaBIIHe o0miue ToukM). B aToMmM ciydae
paccTosiHNEe OT IEHTPa OKPYsKHOCTH OO0 NPAMOIl pPaBHO pajuycy
oKkpykHOcTH. IIpAMasA mpu TAKOM pacHoJIOXKeHHHW Hal3bIBaeTcs
KacaTeJbHOM K OKPYYKHOCTH.

OKpPY)XXHOCTb U TOYKa

Bo3moyxHEBI cijaeayroligue cjaydayl BBAUMMHOI'O PaCIIOJIOXKEHHUA OKPYMXK-

HOCTH B TOYKH Ha IIJIOCKOCTH.

1)

2)

3)

Touka MOXKeT Jie;KaTh BHEe OKPYKHOCTH (BHEILIHAA TOuKa). B aTom
cjJydyae pacCTOsIHHEe OT IeHTPa OKPYKHOCTH 0 paccMaTpHUBaeMoOu
TOUYKHM OoJsbIlle paguyca OKpykHocTH. IIpu Takom pacmonoxeHUH
K OKPY’KHOCTH MOKHO IIPDOBECTH [Be KacaTeJjbHbIE, ITPOXOAAIINe
yepe3 paccMaTpPUBaeMylO0 TOUKY.

Touka MOXKeT Jie)KaTh BHYTPH OKPYXXHOCTU (BHYTPEHHSAS TOY-
Ka), T. €. IPUHAAJEeXaTh KpPYry, rpaHuIileii KOTOPOro SABJISETCHA
OKPY’KHOCTb. B 3TOM cayuae paccTosHHE OT IEHTPa OKPYXHOCTU
IO paccMaTpHMBaeMOM TOYKH MEHbIIe paguyca oKpykHoctu. Ilpu
TAKOM PAacCIOJIO}KEeHNH K OKPY’KHOCTH HeJb3A ITPOBECTH HU OJHOM
KacaTeJbHOM, IIPOXOAAIIEl uepe3 pacCMaTPHBAEMYIO TOUKY.
Touka MOXKeT JieXKaTh HA OKPYXKHOCTH. B 9TOM ciiyyae paccTosiHUE
OT I[EHTPa OKPYKHOCTHU O pPacCMaTpPHUBaeMOM TOUKH PABHO PagUlycCy
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OcHoBHBIE TeopeTHYEeCKHNe CBeleHnd

OKpPYsKHOCTH. IIpM TaKoM pAacIOJOXKEHHH K OKPYXKHOCTH MOXKHO
IIPOBECTH ONHY KAacaTeJLHYIO, IIPOXOIAIIYIO Uepe3 pacCMaTpUBaeMyIO
TOUKY.

MeTpuyeckmne COOTHOLLEHUA B OKPY)XHOCTM.
CBoiticTBa KacaTesibHbIX K OKPY)XXHOCTU

1) IIpousBenenue IJUH OTPE3KOB CEKYIIHX, MPOBEAEHHBIX U3 00ILIEH
TOYKH, paBHBI: OA-OB=0D-0C (puc. 7.1).

2) Ksagpar AauHBI OTpe3Ka KacaTeJbHON paBeH NPOU3BENEHUIO AJIUH
OTPE3KOB CeKyIleil, IpoBeAEéHHON U3 Toi e Touku: OA2=0D-0OB
(puc. 7.2).

o
C
B
D
Puc. 7.1 A
A
B
0 Puc. 7.2
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I'naBa 7. OxpysxkHocTh. Kpyr. BnucaHHble 1 OnmMcaHHBIE (PUTYPHI

3) Orpe3ku KacaTeJbHBIX, IIPOBEJEHHBIX M3 00IIell TOYKH, PaBHBI:
AB=AC (puc. 7.3).

4) IleHTP OKPYXHOCTH, BHHCAHHON B yroa MAN, npuHaAJIEXKUT
O6uccekTpuce aroro yriaa (puc. 7.4).

B

Puc. 7.3 Puc. 74

Yrnbl, cBi3aHHblIe C OKPY)XHOCTbIO

1) HenTpaassbiii yron AOB (BepllMHA yrJja COBHOAaJaeT C II€HTPOM
OKPY’XHOCTH) H3MepdeTcsa AYyrol m, Ha KOTOPYIO OH OIHpaeTcs
(puc. 7.5).

2) Bunucamsslit yron BAC (BepLinHA yrJja IPUHAIJIEKUT OKPYKHOCTH)
n3MepseTcs MOJIOBUHOM JYIrd, Ha KOTOPYIO OH omupaerca (puc. 7.6).

m
A B A

Puc. 7.5 Puc. 7.6
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OcHoOBHBIE TeopeTHYeCKHe CBegeHHUA

3)

4)

9)

6)

Ecnan Bnucanaeiit yron ZABC u nenrpanabHbiil yron ZAOC onmu-

palTCA Ha OJHY U Ty e AYry OKPY>XHOCTH, TO: LABC=%4AOC
(puc. 7.7).

Bnucannsle yribl, omupampliuecs Ha ONHY M Ty e AYTY, PaBHBI
(puc. 7.7).

Brnmcannsble yrisl, onmupalIueca Ha AuaMerp, — IpsaMmele (puc. 7.7):
LAPB~ ZAQB=+180°=90°.

Yron mexkay xacareabHoil CB u xopaoit CD uamepsercs moJIOBUHOM
AyTA m, 3aKJIOUEHHOM MeXKIy KacaTeJlbHOH M xopmou (puc. 7.8).

Puc. 7.7

Puc. 7.8
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I'naBa 7. OkpysxHocTtb. Kpyr. BnucaHHbIe M OIIMCaHHbBIE (PUTYPHI

7

8)

9)

Yron ZBOC mexay KacaTeJbHOM M CeKylllell M3MepseTcsa IOJy-
PasHOCTBIO IYI, 3aKJIOUYEHHBIX MEXXJIY CTOPOHAMHM yIJja:

/BOC = ﬂ;—” (puc. 7.9).

C

Puc. 7.9

Yron ZAOD wMeXJay CeKYyIIMMH, IIepeceKalIIMMHCA BHYTPHU

’";” (puc. 7.10).

Yron ZAOD mexay CeKyIIUMH, IIepPeCeKaloIuMNUCA BHE OKPYXK-

m (puc. 7.10).

OKPYXHOCTH, BBIYHNCJIAETCH IIO (bopmy.ne:

2

O
B
C
m
@)
n D

HOCTH, BBIYMCJAETCA II0 (popmyJie:
m
' B

%

C
A
n

=

Puc. 7.10

— 128 —



OcHOBHBIE TeoOpeTH4YEeCKHNe CBeJ€eHHnsA

OKpPYXHOCTb U TPEYronbHUK

1) Oxos0 1106010 TPEyrobHUKA MOXKHO OIIU-
caTh OKPYXXHOCTb. IIeHTpPOM ONHMCAHHON OKOJIO
TPEYyroJbHUKA OKPYYKHOCTH SBJISETCA TOYKA IIe-
peceuyeHHus CePeIHHHBIX IEePIEeHIHKYIAPOB K CTO-
poHaM TpeyrojbHuka (puc. 7.11).

Paguyc R onucaHHON OKOJIO TPEYroJbHUKA

OKPY'KHOCTH MOXKeT OBITh BBIYHMCJEH 10 (opmy-

—a—'R=9—Q€'rea b, ¢ — CTOpPOHBI
2sina’ 4S8’ fe a, 0, p

TPEYroJbHUKA, O — YIroJI, JIEXKAINA IIPOTUB CTO-
POHBI @, S — ILIOIIAAL TPEYroJbHUKA.

aam: R=

Puc. 7.11

Bo3aMOKHBEI cieAyloIye pAacIoJOXeHHUSA IeHTpa ONHCAHHOM

OKPYXHOCTH.

— B CJIy4dae OCTPOYI'OJIbHOI'O TpeyrojJbHHUKa HEeHTP ONHCaHHOU OKPYMX-

HOCTH JIEXXHUT BHYTPHM TPEYIrOJIBHHUKA,

— B cJy4yae NPSAMOYroJIbHONO TPeyroJbHMKA IEeHTPOM ONHMCAHHOMU

OKPYXHOCTH ABJAETCHA cepegrHa I'NMIIOTEeHY3bl,

— B cJIyuae TYIOYTroJIbHOTO TPEYroJhbHUKA IEHTP OMMCAHHOM OKPYXK-

HOCTH JIEXKHUT BHE TPEYI'OoJbHHKA.

2) B m11060i1 TpeyroJbHHUK MOXKHO BIMCATh OKPY»XHOCTh. IleHTpoM
BIIICAHHOM B TPEYroJIbHUK OKPYXXHOCTHU ABJSAETCA TOYKA NepeceYeHUusd

ero 6mccekTpuc (puc. 7.12).

Puc. 7.12
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I'maBa 7. OxpyxkHoctb. Kpyr. BnucanHbele u onmucaHHBIE (PUIYPHI

Pagnyc r BIMCAHHOM B TPEYroOJbHUK OKPYXKHOCTH MOXKET OBITH

S
BEIYHMCJIEH MO Qopmye: r= 2’ rge S — IJIoMmIaAb TPEYroJbHUKA,
a p — MoJyIepuMeTp.

Cy1iecTByIOT cJIeAyIOIINe YaCTHBIE CJydau:

IeHTPhl BIIMCAHHON M OIIMCAHHOI OKPYXXHOCTEH COBIANAIOT IJIA
IIPaBUJIBLHOTO TPEYTrOJIbHUKA;

paguyc r BIUCAHHON B NIPAMOYTOJBHBIN TPEYTOJbHUK OKPYXXHOCTH
MOJKeT OBITH BBRIYMCJIEH IO (opmy.ie:

_a+b-c

r 5 Tle a, b, ¢ — CTOPOHBI TPEYTroJbHUKA.

OKPYXHOCTb U 4eTbIPEXYrofIbHUK

CopaBeZINBEI cJefyOI[e KPUTEPUM B3aMMHOIO PAaCIIOJIOXKEHHUA

OKPY)XHOCTH M BBIIIYKJIOTO UETHIPEXYTOJbHUKA:

1.

OK0J10 BEIIYKJIONO YETHIPEXYTOJBbHIUKA MOXXHO ONKCATh OKPYXKHOCTh
TOTJIa ¥ TOJBKO TOTZa, KOrJa CyMMa ero BHYTPEHHHUX IPOTHBOIIO-
JIO’KHBIX yrJjioB paBHa 180°: B+o=a+y=180° (puc. 7.13).

B BBIDNYKJIBIN 4YEeTHIPEXYTOJbHUK MOYKHO BIIMCATH OKPYKHOCTH
TOTZIa ¥ TOJIBKO TOTZla, KOrja paBHBl CYMMBI AJIMH €ro IIPOTHBO-
MOJIOKHBIX CTOpPOH: a+c=b+d, rue a, b, ¢, d — AIUHBI CTOPOH
YyeThIpEXYyrojibHUKaA (puc. 7.14).

Puc. 7.13 Puc. 7.14
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OcHOBHBIE TeéopeTHYeCKHe CBeJeHHHA

CoOTHOLWEeHUA Mexay CTOpPoOHOM
NpaBuUJIbHOroO MHOroyroJsibHuKa M pagumycamm
BMUCaHHON N ONUCaAHHON OKPY)XXHOCTEeM

PaccMOTpUM NpaBUJILHBIA N-yroabHUK A A AA,...A . Ileatp O npa-
BUJIBHOT'O 7-yI'OJBbHUKA ABJAETCA KaK TOYKOM IepeceueHusd OHCCEKTpHUc
ero yrjoB, TaK ¥ TOYKO# IlepeceYeHus CepeNUHHBIX IIePIEeHIUKYJIAPOB
K ero cropoam (puc. 7.15).

Paguyc R onmmcaHHOH OKOJIO IIpa-
BIJIBHOI'O MHOT'OYTOJIBHUKA OKPYKHOCTH:
R=0A,=0A,=0A,=0A,=...=0A,.

Panuyc r BoucaHHOM B IIPaBUJIb-

HBII MHOrOYTOJbHHK OKPYXXHOCTH:
r=0OM=0K=O0P...

IIycTh yuca0 CTOPOH NPaBUJIBHOIO
n-yroJlbHUKa paBHO N, TOTAA:
1) yros, mox KOTOpPBIM KayXJadA CTO-

pOHA N-yroJbHUKA BHUAHA M3 €ro A, M A,
IIEHTPa, BBIYHCIAETCA 110 hopmy.Jie:
360° Puc. 7.15
ZA,0A,= ;
n
2) pagunyc OIMHCAHHOM OKOJIO IIPABHUJIBHOIO NM-YroJbHHUKA OKPYIKHOCTHU
a
n
BbIUMcCsieTcA o dopmy.Je: R=—1W;
2sin

3) paguyc BIMCAHHOM B NMPaABUJbHBIA N-YroJbHUK OKPYXXHOCTHU BBHI-
a

n

180°°
2tg nO

PesyapraThl BRIYMCIEHUH R u r IJA 4YacTHBIX caydaeB: n=3, 4, 6
IpelcTaBUM B CleAyoliei Tabiauile, rie yepes a,, a,, a;, 0603HaUEHDI
COOTBETCTBEHHO CTOPOHBI IIPAaBUJIIBHOIO TPEYyroJbHUKA, KBajpaTra, Iec-
TUYTOJbHUKA:

ypcasaeTcsa no ¢gopmyse: r=
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I'maBa 7. OxpyxkHocTh. Kpyr. BnucarHsle 1 onucaHHbIe (GUTYPHI

n 3 4 6
R a3\/§ a2 ag
3 2
. a;V3 a, ag\3
6 2 2
T 1 V2 3
R 2 2 2

3A0A4YN C PELLEHNAMA

7.1 U3 BHelIHe#N TOYKM K OKPY’KHOCTH IIPOBeAEHbI: CEKyIlas AJINHOMN

. 2
12 cMm u KacarenbHas, AJUHA KOTOPOM COCTaBJISAET 3 BHYTpeH-
Hero orpeska cexkymieil. Haliinure IIuMHY BHYTPEHHEro OTpe3Ka

CeKylLIen.

PeuweHue. Ilo cBoiicTBaM cekylleil M KacaTeJbHOM, ITPOBEIEH-

HBIX K OKPY’XHOCTH M3 BHeIIHel TouyKM, uMeeMm: OA2=0B+<0D
(puc. 7.16).

Puc. 7.16
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3agaumy ¢ pelleHHAMH

7.2

O6o3HauuM AJMHY BHYTPEHHEro oTpeska cerymleit DB uepes x.
2
IMonyuum: (%x) =12-(12 - x).

PemuB naHHOe KBaJ[paTHOe ypaBHeHHeE, MoJydaeMm: x=9 cMm.

OTeerT: 9.

OKOJI0O OKPY’KHOCTH OIIMCAH TPEYroJbHUK C JJHUHaAMH CTOPOH 6,
10, 12. IIpamas, nepecekarliasa aBe 60JIbIINE CTOPOHBI TPEYIrOJib-
HUKAa, KacaeTcd OKpy»KHocTH. HaliinTe nmepuMeTp TPeyrojbHUKA,
OTCEUEHHOI0 OTPEe3KOM KacaTeJbHOI.

Pewexnune. 1) O603HAUMM TOUYKH IepeceueHHs KacaTeJbHOM
¢ OOJIBIIMMH CTOPOHAMHM TpeyrojbHuKa uepe3 L u M. Orpe3ku
KacaTeJbHBIX K OKPY’KHOCTH, IIPOBEJEHHBLIX M3 OOILIell TOYKH
A — AN u AK, passbl (puc. 7.17). O603HauuM UX AJIUHEI Yepe3 X.
Ilepumerp P OTCEYEHHOI'O TPEYyroJbHHUKA COCTOMT M3 AJUH CJe-
AYIOIIUX OTPE3KOB:

P=AL+LM+MA=AL+MT+TL+ MA.

Ilo cBoiicTBY KacaTeJbHbIX, NPOBENEHHBIX K OKPYXXHOCTH U3
OIHOH O00Ieil TOYKH, MMeeM:

LT=LN, MT=MK, noaromy LM =LN + MK,

cJeqoBaTeJbHO, UCKOMBIN IIepUMETP:
P=AL+MK+LN+MA=AL+LN+AM+ MK =AN +AK =2x.

Puc. 7.17
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I'naBa 7. OxpyxHOoCcTh. Kpyr. Brnucarssie 1 onucaHHbBIE (HUTYPHI

7.3

7.4

7.5

2) BC=BQQ+QC. Ilo cBoiicTBY KacaTeJlbHbIX, IIPOBEIEHHBIX
K OKPY’KHOCTHU M3 OJHOM OOIIell TOYKH, MMeeM:

BQ=BK, CQ=CN, tornga BC=CN + BK.

Taxk xak CN=CA-AN=10—-x, BK=BA-AK=12—-x,

To BC=10—-x+12—x.

Takum o6pa3omMm, mosiyuaeM ypaBHeHme: 6 =10—x+12—x, oTKyza
caenpyer, uro 2x=16.

3) Urak, uckomniii mepumerp P=2x=16.

OTBeT: 16.

BA3OBbIE 3AOAYN

BepmnHa A TpeyroabHHKa NPUHAAJEKUT OKPYKHOCTH, €ro
cropoHa BC kacaeTcA 3TOH OKPY'KHOCTH B TOUKe B, a cropoHa
AC =6 mnepecekaeT OKpPY’XHOCTb B Touke P tak, uro PC+CB=AP.
Haiigute nauHy oTpe3ka KacaTeJbHOM, NpoBenéHHoi u3 Touku C.

OTteeT: 3.

B noayokpyxkHocTh BriucaH 4eThIpéxyroabHuUK ABCD c usBecT-
HBIMM IJMHAMH TPEX cTopoH: AB=BC= 2\]-5, CD=6. Haitnure
IIEPUMETP YeTHLIPEXYTOJbLHHUKA.

OTeer: 16+445.

YKaKnTe HOMep BEpPHOT'O0 YTBEPIKACHUA:

1. KacarenbHad K OKPY’XHOCTH MEPIEHIUKYJIAPHA K paguycy,
IIPOBEIEHHOMY B TOUKY KacaHHA.

2. IluaMeTp OKPYXHOCTH, NMPOXONAILINI Yepe3 cepefuHy Joboii
XOpAbl, MePHeHAUKYJAPEH 3TOH XOpje.

3. Ecim nBa yriia ofHOro TPEyroJLHMKA COOTBETCTBEHHO PaBHEI
ABYM yTJIaM APYTOr'0 TPEYTOJLHUKA, TO TaAKHe TPEYrOJbHHUKN PaBHBI.
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Banatm AJA CAMOCTOATEJNIBHOIO pPelmeHNnd

7.6

7.7

4. B m1060if 4eTBIPEXYTOJbHUK MOXKHO BIIMCATH OKPYXXHOCTbD.

OTBeT: 1.

Hoka)xkure, 4TO LEHTP OKPYXHOCTH, BINCAHHOM B OCTPHIHA yroJ,
IIPUHAJIEKUT OMCCEKTpHCe 3TOr0 yrJa.

Haiigure rpaaycHyio Mmepy yraa DCB, ecaum BeJHUMHA AYTH
m = 90° (puc. 7.18).

C

Puc. 7.18

OTBeT: 45°.

SAOAYHUN AN CAMOCTOATESIbHOIMO PEWWEHUA

7.8

YKaKnTe HOMep BEPHOI'0 YTBEPXKIEHHUA:

1. CymmMa yrJioB OCTPOYTrOJILHOIO TpeyroJbHHKa MeHblie 180°.
2. IlmaroHasnu pomba B3aMMHO INepPNeHAVKYIAPHBI.

3. Muaronanm 000ro MpsAMOyroJbHUKA B3aMMHO IHEPIEHIUKY-
JISIDHHI.

4. OKo0J10 I060T0 YETHIPEXYTIOJbHHUKA MOYKHO OIIMCATH OKPYK-
HOCTb.
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I'naBa 7. OxpyxHocTh. Kpyr. BnucanHbele u onucaHHble (pUIypHI

7.9 Jlokakure, YTO AJI NPaBHJIBbHOrO TPEyroJbHHKA IEHTPHI BIIU-
CAHHOM M ONHMCAHHON OKPYYXHOCTEH COBIAaJaloT.

7.10 Haiigure rpaagycayio mepy yraa BOC, ecanm BelHMUYMHA IOYyru
m=90°, a BeauuuHa ayru n=26° (puc. 7.19).

Cc

Puc. 7.19

7.11 Haiaurte paguyc OKPY’KHOCTHU, BIHCAHHOH B NPSAMOYIOJbLHBIMI
TPEYroJLHHUK ¢ KareramMu 8 u 15.

7.12 Haiigure paguyc OKpPY»KHOCTH, OIIMCAHHOM OKOJI0O pPaBHOOEIpEeHHOI
Tpanenuu, OCHOBaAaHUA KOTOopo¥ paBHBI 9 m 21, a Beicora — 8.



NABA 8

TPUTOHOMETPUA B TMNTAHUMETPUN

OCHOBHbIE TEOPETUYECKUE CBEAEHUNA
3A0A4YN C PEWLEHUAMU

BA3OBbIE 3AOAYU

SA0AYN ONA CAMOCTOATESIbHOIO PELWLEHUA



OCHOBHbIE TEOPETU4HECKWUE CBEAOEHUA

OTMeTHM OCHOBHBI€ HAIIPABJIEHUS IIPUMEHEHUSA TPUTOHOMETPHUU
B peIlIeHWH 3a7a4 Ha ILJIOCKOCTH.

CooTHOmEHNA MeXAy CTOPOHAMM H YIJIaMH
NPAMOYTOJBHOTO TPEYTOJbHUKA
(pemreHNs MPAMOYTOJBHOTO TPEYTOJbHUKA)

A
a
! f
C B
Puc. 8.1
_BC _AC . _BC . _AC
sina = Ap Cosa=—p, tga=—15, ctga="75.
TeopemMa CHHYCOB:
a b c
sina smB siny ’
rge R — paamyc ONMCaHHONM OKOJIO TPEYroJbHHMKA OKPYMKHOCTH

(puc. 8.2, 8.3).
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3agauyu C¢ pelieHHAMH

TeopeMa KOCHMHYCOB:
a?=>b2+c2- 2bc cosa
b2=a?+c2—-2ac cosf
c?=a?+b%—- 2ab cosy

dopmyasl maomagen

Bo MHOrux ¢gopmysaax miaoiajieili NpUCyTCTBYIOT TPUTOHOMeTpHYe-
ckre QyHKIuK. PopMyJasl IJA BBIYKUCICHUN ILIOMafed MI0CKuX Guryp
HaMH NIPUBEJEHHl B ciaeaylomeM paszaese. Hexoropele u3 popMys Ham
NPUIOLIOC, HAIIOMHUTHL BaM B IIPEABIAYINHUX pas3aeiax.

3A0A4YN C PELLEHUAMU

8.1 JInuHa cpeigHeil JUMHUK paBHOOeApPEeHHON TpalleluM paBHa 3.
Haiigure AAMHY AMaroHajJH JTaHHOM Tpamenuu, obpasyrolieit
C OCHOBaHHEM Tpaleluu yroJj, TAHIeHC KOTOPOTro paBeH 2\/5.

PeweHue.

1) Cpenusaa auausa paBHOOeIpeHHOHN Tpamemuu
LN=LO+OT+TN=0T+AM=AK, takum obpazom, AK=LN=3

(puc. 8.4).
B C
L~0— <
Puc. 84
2) Paccmorpum AACK:
AK 3

AK=AC+cos LCAK, AC=

cos ZCAK  cos ZCAK"
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I'naBa 8. Tpuronomerpuss B njaaHHUMETPHU

8.2

1

1
cos?2 ZCAK’ 9

1
2 — - 2 =
3) 1+tg°£ZCAK 1+8 cos? JCAK® ©°8 ZCAK 9’

cosZCAK = %

(ITo cmbicay ycamoBus 3amaum yroa CAK — yron mexxay auaro-
HaJIbI0 1 OCHOBAHMEM pPaBHOOEIPEHHO! TpallellMd — OCTPHI.)

AK 3

cos JCAR 19

4) AC=

||

OtBer: 9.

OKo0JI0 YeTHIPEXYTrOJILHUKA CO CTOpPOHaMu a, b, ¢, d omucaHa
OKpysKHOCTh. Haligure yroJ, 3aKJIO4YEHHBIN MEXAY CTOPOHAMHU
aunb.

PeweHue.
1) O6o3HaunMM HCKOMBINA yrojl uepes3 X.

IIpumeHNM TeopeMy KOCHMHYCOB ABaXAbl: AJIA TPeyroJbHUKA
co cropoHamu a, b, n (puc. 8.5) umeem: n?=a?+b%2—-2abcosx;
IJIL TPEeyroJIbHUKA CO CTOpPOHaMu C¢, d, n mMeeM:
n?=c2+d?-2cd cos(180°—x)=c2+d2+ 2cd cos x.

3aech yUYTEHO, YTO OKOJIO YEeTBHIPEXYTOJbLHUKA MOYKHO OIIMCATh
OKPY’XHOCTh TOTZA M TOJBKO
TOrAa, KOrJa CyMMa €ro InpoTH-
BOIIOJIOKHBIX yrjioB paBHa 180°.
2) IlpupaBHAeM mpaBble YaCTH
000X paBEHCTB:
n2=a2+b%2-2abcosx =

=c2+ d2?+ 2cd cos x, BBIpa3uUM U3

II0OCJIEAJHEr0 paBeHCTBa COSX.
a?+b2-c2+d?
2(ab + cd)

COosXx =

<

a2+b2—c?+d?
2(ab+ecd) Puc. 8.5

OTBeT: cosx =
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BasoBbie 3agauu

8.3

8.4

8.5

8.6

8.7

8.8

BA30BbIE 3AOAYU

Haianure cpefHIo0 JUHHIO paBHOOEIPEeHHON Tpalenun, ecJH eé
IaroHaJb paBHa 9 m obOpasdyeT C OCHOBAaHMEM YI0JI, TAHT€HC
KOTOpPOTO paBeH 242,

OtBeT: 3.
" 5

Ilo nanupIiM HaA puc. 8.6 HangUTEe TAHTEH- 3
Chl OCTPBIX YIJIOB IPAMOYIOJBLHOTO Tpe-
YTrOJILHUKA.

3 4 4
OTBer: —; —.

4’ 3 Puc. 8.6

Haiinure cropony BC tpeyroabHuka ABC, eciu M3BEeCTHO, YTO
AC=y2, ZA=45°, /B=30".
OtBeT: 2.

Hangure nauny O6ucceKTpUChl, IIPOBEAEHHON K OOKOBOM CTOPOHE
paBHOOEIPEHHOI'0 TPEeYroJbHHKA ¢ OCHOBaHueM 6 cM, yrjiom mpu
BepurnHe 120°.

6
OteerT: E
Haiigute TaHreHChl yrJioB, 00pasdyeMbIX OOJIbIIIEN AHATr'OHAJIBIO Ia-
pajuiejiorpaMMa C ero CTOpoOHaMH, €CJIM CTOPOHBI MapasuieiorpaMmMa
paBHBI 6 U 8, a ocTphIH yroJy mapajuiejgorpamma paseH 30°.
2 3
3+2y3° 8+343"

OTBer:

OcHoBaHusA paBHOOGEeIpPEHHON Tpamemuy paBHBI 7 U 4, yroJ npu
6ospnieM ocHOBaHMHM paBeH 15°. Haiinure paguyc OKpYy»XHOCTH,
ONMMCAHHOM OKO0JIO Tpaleluu.

OteeT: V65 +28V3.
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I'naBa 8. Tpuronomerpusa B ImJIaHUMETPHUU

SAOA4YN ONA CAMOCTOATEJIBHOINO PEWLEHUA

8.9

8.10

8.11

8.12

8.13

ITo manHeIM Ha puc. 8.6 HalguTe CHHYCHI OCTPBIX YIJIOB IIpPA-
MOYTOJIBHOTO TPEeyroJbHHUKA.

ITo nansabIM Ha puc. 8.6 HaUIKUTEe KOCHHYCHI OCTPBIX YIJIOB IIpA-
MOYTOJILHOTO TPEeyTroJIbHUKA.

Haiigure cropony BC Tpeyronbanka ABC, ecin M3BeCTHO, YTO
AC=+6, LA=45°, ZB=60°.

Haiinute namHy OMCCEKTPHCHI, MIPOBEIEHHON K OOKOBOM CTOPOHE
paBHOOEPEHHOT0 TPEYroJbHHKA C OCHOBaHHEeM 12 cM, yrJjioM
pu BepminHe 36°.

IIHHEBI IBYX CTOPOH TPEYTrOJbHUKA PaBHBEI O U 7, & YIroJ MEXAy
HuMHu paBeH 120°. Haiiagure nauny OMCCEeKTPHUCHI, IPOBEAEHHOM
K TpeTheM CTOPOHE TPEeyrOJbHUKA.



FNNMABA 9

NOWAON OUTYP

OCHOBHbIE TEOPETU4HECKUE CBEAEHUA

Mnowanb TpeyronbHUKa

Mnowanb
MNnowanb
MNnowaap
Mnowaab
Mnowanb
MNnowaap
Mnowagb
MNnowanb

napannenorpamma

pomba

NPAMOYro/ibHMKa

KBaapara

Tpaneuumn

NPOU3BONILHOIO BbINYK/IOFO YETbIPEXYronbHUKA
MHOrOYrofibHuKa, ONUCaHHOro OKOJI0 OKPYXHOCTMU

Kpyra U ero 4yacrteun

3A0A4YN C PELLEHNAMU

BA3O0BbLIE 3AOA4YU

SA0AYUN ONA CAMOCTOATESIbHOIO PELLEHUA




OCHOBHbIE TEOPETU4YECKWUE CBEOEHNA

Mnowaab TpeyronbHUkKa

1. IIpousBoabHblii TpeyroabHuk. Ilycts a, b, ¢ — AJHUHBI CTOPOH
MPOM3BOJBHOIO TpeyrojgbHuka (puc. 9.1);

Puc. 9.1

0. — YroJ Me»XIy CTOPOHaMH a u b;

P — TNoJyiepuMeTp TPeyroJIbHUKAa;

R — paaunyc onucaHHOM OKOJIO TPEYroJbHUKA OKPYKHOCTH;
r — pagmyc BIHCAHHON B TPEYyroJbHUK OKPYKHOCTH;

S — maomajxb TPeyroJbLHUKA;

h, — AauHA BBICOTHI, IIPOBEJEHHON K CTOPOHE a.

Torma miaomanab NPOM3BOJLHOTO TPEYTOJbHUKA MOXKET OBLITH BBI-
YyyCcJeHa MPH MOMOIIM OAHON M3 CJEAYIOMUX (GopMy.JI:

1
S=§aha;

1
2 absinaq;

Vp(p—a)(p—b)(p-c);
pr;

abc

4R

S
S
S
S
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OcHoBHBIE TeopeTHYECKHNEe CBeIJeHHUHA

2. IIpamoyroasabslii TpeyroasHuk. Ilycts @, b — gauHbl Karte-
TOB; ¢ — AJHHA TMIOTEeHy3bl; A, — JJHHA BHICOTHI, NMPOBENEHHOM
K rumnoreHyse c. Torza miaomajb OPAMOYTOJbHOTO TPEYroJbHUKA
(puc. 9.2) MoKeT OBITH BHIYMCJIEHA NPU IIOMOINM OXHOM U3 CJIEeny-
omux popmyi:

S=%ab; S=%chc.

3. PaBHOCTOPOHHMIT TPEYTOJBHHMK CO CTOPOHO# IIMHBEI a (puc. 9.3):

S_a23[3
==

Puc. 9.2 Puc. 9.3

Mnhowaab napannenorpamma

IIycts a, b — OJIMHBI CTOPOH MapaJLiejiorpaMMa; o — YroJl MeXAY
CTOPOHAMHU Mapajienorpamma; d,, d, — JJIHHBI AUaroHajeil napajieo-
rpaMMma; (¢ — YKa3aHHBIA Ha PHUCYHKe yIroJ MeXJy AuaroHajasMmu. Tormga
ILIONIaAh napajienorpamma (puc. 9.4)
MOJKeT OBITh BBIUHMCJIEHA IIPH ITOMOIIH
OZHOM M3 cienymomux GpopmMy:

S=ah,;

S=absinau;

1 .
S= §d1d2 sin o.
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I'naBa 9. Ilnomany puryp

Mnowaab pomOa

IIyete @ — nnuHa cTOPOHBEI pom6a; h, — HJMHA BEICOTEI pomba;
o — YroJa MexJy cTopoHamu pomba; d,, d, — IJHUHBI AuUaroHajeu
pomba. Torga miomians pomba (puc. 9.5) Moxker OBITH BBIUMCJIEHA IIPH
TIOMOIIIM OHOM M3 CJIeAYIOLINX (POPMY.I:

S=ah,;

S=a?sina;
1

S=§d1d2.

Mnowaab NPAMOYronibHUKA

IIycts a, b — OAuHBI CTOPOH NHpPA-
MOYroJbHUKA; d — AJUHa AuaroHaju
IIPAMOYTOJIbHUKA; (¢ — YKa3aHHBIA Ha . d
PHUCYHKE YroJ MeXXAYy AUaroHaJIaMH. ~ .

Torga nJjomanab NPAMOYTrOJIBHHU- b st
Ka (puc. 9.6) moxxer OBITh BBIYMCJIEHA
IIPY IIOMOIIM OJHOM H3 CJEAYIOIHX o d
dopmy: - =

S=ab;

1 ] Puc. 9.6
3 d? sin .

Mnowaasb KkBagpara

IIycts @ — nauHa cTOPOHBI KBaapara; d —
IJUHA TUaroHaJ i KBajapara. Torza miomaib KBaj- a
para (puc. 9.7) MoxKeT OBITH BBIUHCJIEHA IIPHU
IIOMOIIM OZHOM u3 caeaymomux dopmya: S=a?;

_1
S—zd .

Puc. 9.7
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OcHoOBHBIE TeOpeTHN4YEeCKNe CBeJeHUusA

Mnowapb Tpaneunm

IIyete @ m b — AJIMHBI OCHOBAHUM Tpalenuu; A — AJIWHA BBICO-
TEI Tpamenuu; | — AJMHA cpefHell NUHUHK Tpanenuu. Torga miomanb
rpanenun (puc. 9.8) Moxker OBITH BBIUHCJIEHA IIPM IOMOINM OZHOM M3

ciaenymomux gopmy:
a+b,

=T
S=1h.

Mnowanb NPOU3BONIBHOrO BbINYKJIOrO YeTbIPEXYrosibHUKa
ITycts d,, d, — ANMHBI AUMaroHajied BBIIYKJOrO YeThIPDEXYTOJbHMU-

Ka; (0 — YKa3aHHBIM Ha PHUCYHKe yroJ MeXXAy HuMHu. Torga miomanb
BHIIYKJIOIO UeTHIPEXyroJabHuKa (puc. 9.9) Moxker ObITH BHIUHCJIEHA IO

dopmyae:
1 .
S= §d1d2 sin ¢.

b

/" \ A
O d,

Mnowagb MHOroyrosibHMUKa,
ONMUCAHHOI0 OKOJI0 OKPYXXHOCTH

Ilycts p — mosiynnepuMeTp MHOTOYTOJBHUKA, I — PaguyC BIHCaH-
HOIl B Hero oxpy»kHoctu. Torza miaomaab MHOMOYTOJIBHHKA, OIIMCAHHOTO
OKOJI0O OKPYJKHOCTH, MOXKeT OBbITh BBIUHCJIEHA 1o opmyJte: S =pr.
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I'naBa 9. Ilnomanu ¢uryp

Mnowaab Kpyra u ero yacren

1. IInomans Kpyra:
S=nR2, rne R — paauyc Kpyra.

O

Puc. 9.10 Puc. 9.11 Puc. 9.12

2. Ilaomane cexTopa:

S=%a°R2, yroa oo — B paguaHax (puc. 9.10).

3. Ilnomane cermenTa (3alITPUXOBAHHOIO):
1) S=%R2(a—sina),
yron oo — B paamaHax (puc. 9.11);
2) S= %Rz (o +sina),
yrojg o. — B paguaHax (puc. 9.12).

4. Ilaomaab KoabLA.

Ilycte R, r — BHENIHWH M BHYT-
pPeHHUuM pazuychl KoJabna; D, d —
BHEIIHUA ¥ BHYTPEHHHUW AUaMETPHI.
Torga naomans Koabma (puc. 9.13)
MOJKeT OBITh BbIYMCJIEHA IO (hopMyJIaM: ' !

«——R—
S =n(R2-r?) =%(D2 —d2).

Puc. 9.13
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3ajayd ¢ pemIeHHAMH

9.1

9.2

3A0A4YN C PELLEHNAMU

Haiigure miomans TpeyrojabHUKA, IIpeACcTaBJeHHOro Ha puc. 9.14.

PeweHnue. Karer BC, pacmoaoeHHBIM nporus yrJjga B 30°
(puc. 9.14), paBeH NOJI0BUHE M'UIIOTEHY3EI, cjexoBaTeabLHo, BC=8.
IInomans MOXKHO HAWTH Pa3JIUMUYHBIMHU Cclloco60aM¥, HAaIpHUMeEp, IIO

dopmy.re S=%BC-AB°sin60°=%E=32\/§.
OTeer: 3243.

Haigure nyomans Kpyra, BINCAHHOTO B IPAMOYTOJILHYIO Tparie-

.. 1
L{I10, €CJIK CHHYC € OCTPOTO YIJIa paBeH o, a IUIOMajh Tpanenuy
paBHa 64.

PeuweHue.

1) Ackomasa momiagpr BOHCAHHOI'O B Tpaleluio Kpyra paBHA:
S =nr2.

2) Bricora Tpanenuu paBHa 2r.

3) Ilo cBOMCTBY YeTHIPEXYIOJLHHKA, B KOTOPBLIA BIHCAH KpYT,

CYMMBI JJIMH €ro IIPOTHUBOIOJIOKHBIX CTOPOH DPaBHBI:
AD+BC=AB+CD.

4) B npamoyrosbHOM TpeyroabHuke ABF (puc. 9.15):

ZAFB=90°, AB=—2"_.
Sina
C B
B /‘T
16 2r
_] 300 ’p
C A D F A
Puc. 9.14 Puc. 9.15
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I'naBa 9. Ilnomanu duryp

9.3

IloacraBnsasa 3Hauenue AB B paBeHCTBO U3 II. 2, MOJYYUM:
2
AD+BC=2r+-

sina’

5) Ilnomanp Tpamenmuu MOXKHO BBIPasuTh 1o QopmyJe:
AD+ BC
2
Ilo ycnoBuio 3amauy M3BECTHO, UTO JaHHAA ILIOIAAb paBHa 64.
IIpupaBHUBas IOJyYEeHHOE BRIPAKEeHUeE JJIA HaXO0XKJIEHUA ILIoLIa-
IU Tpalmenuy K JaHHOMY 3HaAUYeHWIO, HaAWJEM KBajpaT paguyca

Kpyra:

(2r+

S= 2r=(2r+ 2r )r.

sina

2r
sina

)r=64, r2(1 +.L)=32, r2[1+1|=32, 8r2=32, r2=4.
sina 1

7

6) Uckomaa maomans Kpyra S=mnr2=4n.

OTBerT: 47.

B Tpeyrosbauke oauH mu3 yrjoB paBeH 60°, a Touka KacaHus
BIIMCAHHOTO Kpyra JAeJHUT HPOTHBOMNOJIOXKHYIO CTOPOHY Ha OT-
pesku 3 u 63. HaitizuTe oTHOIIEHMe ILIOIIAAY TPEYrOJbHUKA
K ILIOLIagu Kpyra.

PeweHue.
1) B tpeyroasanke BOK (puc. 9.16):

Puc. 9.16
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3ajauyd ¢ peHIeHHAMH

ZKBO=30°, ZK =90°. Cnenosarenpno, OB =20K =2r, x=r\/§.
IIo cBoiicTBY paBeHCTBa OTPE3KOB KacaTeJbHBIX, ITPOBEAEHHBIX
K OKPYYXHOCTH M3 O00Ileil TOUKH, MOJYYUM, YTO IIOJIYyIIEPHUMETP
TPEYroJIbHUKA MOXKHO BBIPA3UTh CJEAVIONINM 00pasom:

p=+3+63+ry3=(7+r)3.
2) BrIpasum maomanb TpPeyrojlbHHKa ABYMA CIIOCO0aAMM:

S=pr; S=Vp(p-a)lp-b)(p-c),

rie p — IOJYyIepUMEeTP TPeYroJbHUKA, ' — pajnyc BIIMCAHHOTIO
Kpyra. 1 B gajbHeillleM NpUpPaBHAEM IIpaBble YacTH MOJYy4YEeH-
HBIX PaBEHCTB.

3) IIpupaBHUBasA mpaBble YaCTH MOJYUYEHHBIX B II. 2 PaBEHCTB,
MOJTYYUM:

NTV8+ry3)=V(7y8 +ry3)-y3-63-ry3),
r(Ty3+ry3)2=(7{3+ry3)-18-ry/3,
r(7y3+ry3)=1843,
S=r(7y3+ry3)=1843.

PemuB ypaBHeHUe
r23+73r-18y3=0, r2+7r-18=0,

HaWJIEM pajguyc BIHCAHHOrO Kpyra: r=2.

4) ILromagpr BIIMCAHHOIO B TPEYTOJbHHUK Kpyra paBHa S=nre=4n,.

5) Ina BeIYHCJEHUA ILIOIIAAH 3aJaHHOTO TPEyroJbHHKAa BOC-
noJjb3yemMca popmyJson:

S=pr=2((7+2)y3)=18+3.

6) HMckomoe oTHOIlleHMe ILIOLIAAEeN paBHO:

18y3 _ 943

4m 2n °
OTBerT: 9425
T
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I'naBa 9. Ilnomagu duryp

9.4

9.5

9.6

9.7

9.8

9.9

BEA30BbIE 3AOAYA

HaiiagnTe miomiaib TPeyroJbHUKA,
npeAcTaBjIeHHOro Ha puc. 9.17.

Ortset: 5043. 20

B

Haiigure miaommaab TpeyroJbHHUKA, — 30°
npeacTaBieHHOro Ha puc. 9.18. C A
2925+/3 Puc. 9.17

5

OTBerT:

Hainaure niaomaxb IPAMOYIOJb-

HOM Tpamnemuy, CHHyC OCTPOro yrJja

15

. 1
KOTOPOi paBeH -, a IUIOMaAb BHH-

CaHHOT'0O B He€ Kpyra paBHa 4m. ] 30°
OtBeT: 64.

Puc. 9.18

B TpeyroibHMKe OIVH U3 YIJIOB paBeH 60°, a TOuKa KacaHUA
BIIMCAHHOTO KPYTa JEJUT IIPOTHBOIOJIOMKHYIO CTOPOHY Ha OTPE3KH
V3 u 6y3. Haitizure miomazns Kpyra.

OTBerT: 47.

CTopoHa KBajpaTa, BIIMCAHHOrO B KPYI, OTCEKAET CeIMEeHT ILJIO-
maau 2(n—2). Hafigure niomanes Kpyra.

OTBeT: 87.

M3 npou3BOJBHOM TOYKH, B3ATON BHYTPH NPaBUJBHOIO Tpe-
YroJbHUKA, BOCCTAHOBJIEHBI IIEPIEHAUKYJAPLI K CTOPOHAM Tpe-
yroabHUKa. JJoKauTe, 4TO0 CymMMa AJUH 9THUX NEepPIeHANKYIADOB
paBHa BBLICOTE TPEYroJIbHUKA.

YkasaHue: BOCHOJIb3YHTEeCh METOJOM ILJIOLIaJeil, BHIPA3UB IIJIO-
IaJb TPEYroJbHHUKA PA3JUUYHBIMH CIIOCOOaAMH.
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Banaqn AJdA CaAMOCTOATEJbHOIo peleHnd

9.10 Croponnl TpeyroabHuka 10, 17, 21. Haiautre nyomanu Tpe-

YrOJIbHUKOB, HAa KOTOpPhIEe NAHHBLIA TPEYyroJbHUK pa3buBaeTcd
MeIuaHaMHu.

OTtBeT: 14.

3A0A4YN ONA CAMOCTOATEJIbBHOIMO PELWWEHNA

9.11

9.12

9.13

9.14

9.15

HaiiguTte momanps Kpyra, BINCaH- B
HOT'0 B TPEYroJbLHUK II0 JTAHHBIM,
IpeacTaBJeHHbIM Ha puc. 9.19.

4
Haiigure miuomiaabs Kpyra, BIIUCAH- |1 30° 4
HOTO B TPEYTOJIBHHUK II0 JAHHBIM, C
mpeacTaBleHHBIM Ha puc. 9.20. Puc. 9.19

B

B napannenorpamme ABCD Touku
L n1 K aBIAIOTCA COOTBETCTBEH- 6
HO cepeanHamu ctopoH AD un DC.
Orpe3sku AK u BL mepeceKkawTcs 30°

B Touke M. Haiaure naomanes (¢ A
rnapajaejorpaMma, €cJu IJIOIAlb
Tpeyroiasauxka AML paBHa 1.

Puc. 9.20

HaiiguTe oTHOIlIeHMe MJOHIAAM Kpyra paauyca 2, BIHCAHHOIO
B NPAMOYTOJbHYIO Tpallenuio, CHHYC OCTPOro yrja KOTOpoi

1
paBeH ..

B TpeyroapHuKe oaumH u3 yrjoB paBeH 60°, a Touka KacaHUA
BIIMCAHHOIO KpPyra AEJHUT MPOTHBOMOJO0XXHYIO CTOPOHY Ha OTPE3KHU
V3 u 6y3. HaitiquTe miomans TPeyroibHUKA.

— 153 —



I'naBa 9. Ilnomanu ¢puryp

9.16

9.17

9.18

9.19

9.20

HaiiguTe naomanbk Kpyra, BOHCAHHOTO B paBHOOeIpEeHHYIO Tpa-
IIeIHIO ILJIOIIaa¥, paBHOM 8, ecau O60KOBas CTOPOHA Tpalenuu
B ZIBa pa3a 0oJibille €€ BBICOTHI.

IInomane paBHOOenpeHHON Tpanenuu paBHa 96. IJuaroHanasb
Tpameluyu AeJUT €€ Tymou yroa mnomoJam. IaumHa MeHBIIEro
ocHOoBaHMA paBHa 3. Haliiure mepuMmeTp Tpanemuu.

CtopoHa KBajfpaTa, BOMCAHHOIO B KPYyT, OTCEKaeT CerMeHT ILIO-
manu 2(n—2). HaitiiuTe oTHOIIEHUE ILIOWIAAY KPYra K ILJIOIALN
KBajpara.

Croponsl TpeyrombHuka 10, 17, 21. Haiigure HaumMeHBHIYIO
BBICOTY TpPeyroJIibHHKA.

Hoxaxure, 4TO ILIOLIAAU TPEYroJbHUKOB, Ha KOTOPble NaHHBIN

S
TPEYroJIbHUK IJIOImIanu S pa3buBaeTcss MeIuaHaMH, PaBHEI re



rNMABA 10

OEKAPTOBbl KOOPOWUHATHDI.
YPABHEHNA OUTYP. BEKTOPbI

OCHOBHbIE TEOPETUYECKME CBELEHUA
LexkapToBbl KoopanHaTtbl. YpaBHeHus uryp
BekTopbl

B3anmMHoe pacnonoxexHue ¢ouryp Ha NaoCKOCTW
3A0A4YN C PEWLEHUAMU
BA30BbIE 3ANAYU

3A0AYUN ONA CAMOCTOATENIbHOIMO PEWEHUA



OCHOBHbIE TEOPETU4HECKWUE CBEOEHUA

DexkapToBbl KOOpAUHaTbl. YpasHeHUs ouryp

JleKapTOBBI KOOPIMHATHI

Paccmorpum Ha miaockoctu (puc. 10.1) mpousBoabHYI0 TOUKY O.
Yepes paccmarpuBaemMyio Touky O (Hayaj0 KOOPIMHAT) ILJIOCKOCTH ITPO-
BeJIEM JIBe€ B3AaMMHO NepNeHAUKYJIApHbIe IpAMbIe (KOOPpAMHATHBIE OCH):
OX (ocs abcuuce) u OY (ocs opaAMHAT).

Yepes mpous3BOJBbHYIO TOUKYy M, oT-
JUYHYI0 OT TouKu O, IMpoOBeIEM NPAMYIO, M
napajijieJIbHyI0 OCH OpPAMHAT J0 €€ Iie-
peceueHuss ¢ ochio abcmucc. Ywucao x,
abcoIlIoTHasA BeJHYHMHA KOTOPOro paBHA
PacCTOAHUIO OT Hadaja KoopauHat O 10
IIOJIYUYEHHOM TOYKH IlepecedyeHus, Ha3bl-
BaeTca adcumccon Touxku M.

Yepe3 TouKy M mnpoBedeéM IIPAMYIO, NapajjebHYIO ocu abciuce
0 e€ TepeceueHudA ¢ OChI0 OpAMHAT. Uucyo y, abcosoTHAA BeJIUYMHA
KOTOPOro paBHa PACCTOAHHIO OT HayajJa KOOPAMHAT OO0 ITOJYYEHHOM
TOYKHU IIepeceyeHUsi, Ha3bIBaeTCA OPAMHATOM TOuKu M.

TakuM 06pa3oM, MBI KaXJO0M TOUYKE IIJIOCKOCTH, OTJIHYHOH OT
HavaJia KOOPAHUHAT, CONMOCTABUJIM Iapy AeHCTBUTEJLHBLIX unucen — abc-
Huccy x ¥ opauHaty y: M (x, y).

KoopauHartaMy Hauajla KOOpAMHAT ABJAIOTCA 3HaueHuA x =0, y=0.

Cucrema, cocrosliasd M3 Havaja KOOPAHWHAT M B3aWMMHO II€pIeH-
IUKYJIAPHBIX KOOPAMHATHBIX OCeil, HA3LIBAETCA JIeKAPTOBOM CHCTEMOM
KOOPAMHAT HAa IIJOCKOCTH, a KOOPAMHATHI TOUEK — JdeKapTOBLIMU
KOOpAHMHATAMH.

B nmexapToBoii cucTeMe KOOPAMHAT HA IIJIOCKOCTH HMEIOT MECTO
ciaenpyoimiue popMyJbl:

1) Paccrosinue mexny touxkamu A(x,;; y,) u B(x,; y,):

AB= \/(xz _x1)2 + (yz_yl)z-

YA

RY

Puc. 10.1
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OcHoBHBIE TeopeTHYeCKHne CBeJeHHnsA

2) KoopauHaThl CepeAMHEI OTPe3Ka ¢ KOHIlaMU B ToYKax A (x;; y,)
1 B(x,; y,):

2 2

x,+x Yy, Tty
x=1——2' _J1 2

YpaBHeHHA (PUTYP HA ILIOCKOCTH
Cy1iecTBYIOT ciaeAyolye BUAbl YPABHEHUS NMPAMOM Ha IIJIOCKOCTH
B JEKaApTOBOM cHCTeMe KOOPJAHHAT:
1) OO6iee ypaBHeHHe npamoii: ax +by+c=0.
2) VYpaBHeHHe NpPAMOK ¢ yrJoBbIM Koaddummenrom: y==~kx+b, rae
k — TaHreHc yriia HakJoHa npamoi K ocu Ox (yriioBo¥ Koaddu-

IIHEHT).

3) VYpaBHeHMe NIpAMOI, IPOXOAAIIEH Yepe3 3aJaHHYIO TOYKY A(xo; yo):
Y=Yy — k.
xX—x,

4) YVYpaBHeHue HNpPAMOH B OTpe3Kax: %+%=1, rae a, b — oTpeskw,

oTceKaemMmanie anMOﬁ Ha 0oCcAX aﬁcul/lcc H opaAuHAaT COOTBEeTCTBEHHO.
5) VYpaBHeHMe NPAMOM, IpPOXOoAsAlleil uepe3 ABe 3afaHHBIE TOYKH

Alxy; yy) 1 Blxys yy):

y-y, x-x,

Yo~ Y, X=Xy

YpaBHeHHSA KPHUBBIX Ha IJIOCKOCTH

y=ax2+bx+c

napabosa
y?=px
6 x2_ ¥
rumnepboia e 1
OKPYKHOCTh C IIEHTPOM B Hadajie KOOpPIU-

HaT paauyca R

OKPYIXHOCTh C I[EHTPOM B TOuKe (a; b)

e (- af+(y - b= R?
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I'maBa 10. JekapToBBI KOOpAMHATHI. ¥ paBHeHHsA (puryp. BeKToph

BekTopbl

Crporoe omnpejiejeHne MOHATHS BeKTOopa Tpedyer riry0OKUX 3HaAHMUM
BBICIIIEI MaTeMaTHKH. B IIKOJBHOM Kypce BEKTOP OIIpelesIéeH KaK
HanpaBJIeHHbIN OTPE3OK.

BexTop xapakTepusyercsa HaIpaBJeHHEM H aOCOIIOTHON BEJIMUYHMHOM.

AOCoJI0THOM BeJWYMHOM (MM MOJAYJEeM) BEeKTOpa Ha3blBaeTcH
IJAHA HaAIpaBJeHHOI'0 OTPe3Ka, OnpeAesAIolero JaHHBIA BEKTOP.

KoopauHaTsl BeKTOpa
Ilycte B npAMOyroJbHOM cCHCTEME KOODAMHAT Ha IJOCKOCTH
OE.E, (puc. 10.2) trouku E,, E, uMeIOT COOTBETCTBEHHO KOODPAMHATHI

-

(1, 0), (0, 1). HazoBéM BEKTOPBI f=b§1, j =_—E."2 KOOPAMHATHLIMM BeK-
TOpaAaMH MJIKN 0A3MCHBIMH BEKTOPAMM.

Torma naa 6a3MCHBIX BEKTOPOB BBINIOJHAIOTCA CJEAYIOIHE COOT-
Homrerus: i Lj, |i|=]j|=1.

B sTom cayuae 6a3ucHBIe BEKTOPBI HA3bIBAIOTCA €IWHUYHBIMH.

CucremMa BEKTOpPOB ?, f Ha3bIBAETCSA OPTOHOPMHUPOBAHHBIM 0a3MCOM.

Ilycts B cucreme Koopaunatr OE E, Touka A mMeeT KOODAMHATEHI
(a;; a,), Touka B mMMeeT KOOPAMHATEHI
(by5 by).

Torga xKoopAMHATaAMM BeKTOpa C
HaA4YaJIoOM B TOUKe A M KOHIIOM B TOU-
Ke B HaspiBatorcs uuciaa b, —a,, b,—a,.

A

IIpuHATa CIeyIOIasa 3aIKCh: E,
AB(b,—a,, b,—a,).
B sToM cayuyae Tak)ke CUMTAIOT,

yTO0 BeKTOp AB 1mpejicraBieH B Buie

AB=(b,—a,)i+(b,—a,)j.
dTo mpejicTaBieHUe 03HAYAET, YTO O

BeKTOp AB pa3sjoxeH 1o 0a3MCHBIM

L e

BEeKTOpam i, j.
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OcHoOBHBIE TE€OpeTHYECKHNe CBeAeHNnsA

Ecaim HayamloM BeKTOpa HABJAET- A
cA Hauajo koopamHar O(0, 0), a KoH- A-
IIOM BeKTopa fABjiseTca Touka A(a;; a,),
TO TAKOM BEKTOP Ha3LIBAETCA pamuycC-
BEeKTOPOM TOYKU A, ¥ ero KOOPAUHATHI

Ql

COBNAZal0T C KOODAMHATAMM TOUKHU A:
OA(a,; a,) (puc. 10.3). :

Eciy KOHell, BEeKTOpa COBIAZaeT C ero 0 >
HAYAJIO0M, TO BEeKTOP HA3bIBAeTCH HYJIEBBHIM: E,

0(0, 0). dpyrumMu ciaoBaM#, TOUKA ABJSA- Puc. 10.3
eTCA HYJIeBEIM BEKTODOM.

CiroxeHnune BEeKTOpPOB

PaccMoTpuM fBa BekTopa @ u b. (puc. 10.4). OTI0KUM BeKTOD a:
AB=3 or Touku A — HOJIyYMM HAIPaBIEHHBIH 0TPe30K AB; 0TI0KUM
BeKTOp b: BC=5 or KOHIIa HAIpPaBJIEHHOTO oTpeska AB — mosayumm
HaIpaBJeHHBIH oTpe3ok BC.

Ql

3]
|
Ql
+
S 8
)

Puc. 104

Coeguaum ToukKM A m B B ykasaHHoOM mnopsanke. Iloanyuum Ha-
npaBieHHBIH oTpe3ok AC. BekrTop ¢, ompenenéHHEIH HAMpaBI€HHBIM
orpesxom AC, HA3EIBAETCA CYMMOM BEKTODOB d u b: ¢=d+b.

IocTpoeHHe CYMMEI BEKTOPOB d X b BOBMOMKHO I10 OLHOMY M3 ABYX
IIpaBWJI: TPEYroJbHHKA HMJM IapajijiejiorpaMma.
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I'maBa 10. JlexapToBBI KOOpAMHATHI. ¥ paBHeHusa ¢duryp. BexkrTopsl

BRINIOJTHAIOTCA ClIeAYyIOLIe CBOMCTBA CJIOMKEHUA BEKTOPOB:

1) CsoiicTBO KOMMYTATHBHOCTH: IS 1106BIX BEeKTOpPOB d u b crmpa-
BEIJIMBO PaBeHCTBO: d+b=>b+d.

2) CBOMCTBO aCCOIMATHMBHOCTH: A JIOOBIX BEKTOPOB a, bucdc cipa-
BeJIMBO PaBeHCTBO: (d+b)+¢=a+(b+ 7).

3) Ilns m060ro BeKTOpa @ CIpaBefIMBO COOTHomieHue: d+ 0=d.

4) Jlna n060ro BeKTOpPA @ €ro CyMMa ¢ IPOTHUBOIOJIOKHBIM BEKTOPOM
(—a) paBHa HysneBoMy BeKTODY: d+(—a)=

ITox pa3HOCTHIO IBYX BEKTOPOB d—b IOHMMAaeTcA BEKTOp C, YAOB-
JIETBOPAIOIIUI yCI0BUIO: ¢+ b=ad.

YMHOXKEeHHEe BEeKTopa Ha uucjo. KoJimHeapHble BEeKTOPHI
IIpousBeeHEM HEHYJIEBOTO AEMCTBUTEJIbHOTO YMCJIA A U HEHYyJIe-
BOT'O BEKTOpa HASLIBAETCA BEKTODP b, YIOBJIETBOPAIOIIMN CJIELYIOLIIM
YCJIOBUSAM:
1) |b|=|r||d@|, rme |A| — abcomoTHas BexmumHa A.
2) Ecau A>0 , To BeKTOpPH @ U b coHampaBieHsl; ecau A <0, To a@
ub POTUBOTIOJIOMHO HATPABJIEHEL. Ecnuz A=0 wiu da=0, npous-
BeJleHUe ra=0.

BrinonHAIOTCA clenyole CBOMCTBA YMHOMEHUA BEKTOpa Ha 4ucC-
so. JIns mo6bIX NeHCTBUTENbHBIX UMCEa o U P ¥ JIOGLIX BEKTOPOB d
u b BEpHO:
1) 1la=a, (-1)a=(-a);
2) o(Ba)=(ap)a;
3) (a+B)a=aa+Ba;
4) o(@+b)=oad+ab.

JIuHeuHbIE onepalum HajJ BeKTOPaMM B KOODAMHATaX
IIycTs BeKTOpHI d u b B Gaguce i, j MMEIOT KOODAMHATHL: d(a; a a,),
b(bl, b,). Torza BexTop 0a + Pa B Gasuce i, ] “MeeT KOOPAWHATHI:
adtBa(aa,pb,, aa,tpb,).
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OcHOBHBIE TeopeTHYeCKHne CBedeHHA

IIBa BeKTOpa HA3BLIBAIOTCSA KOJJIMHEAPHBIMH, €CJIH CYIIEeCTBYeT
npaMas, KOTOpoii oHM ofa mnapaJienbHbl. KolimHeapHbIe BEKTOPBI
oGosHauaroTca Tak: al|b.

KpuTepuii KOJJIMHeapHOCTH BeKTOPOB: ABa BeKTopa d u b (a=0)
ABIAIOTCA KOJJIMHeapHBIMM B TOM M TOJBKO TOM CJydae, KOrja Cy-
I[ECTBYET TAKOE €AMHCTBEHHOE HEHCTBUTENBHOE UUCIO A, UTO b=Ad.

Kputepuit KOJJIMHeapHOCTH BEKTOPOB B KOODAMHATHOMH (Qopme:
HeHyJIeBble BEKTOPHL d ¥ D KOJUIMHeapHHl B TOM U TOJBKO TOM CJIydae,
KOTZla X COOTBETCTBYIOIME KOOPAMHATHI MPONOPIHOHAIbHLI:

c—i||-b.<:>{b1=xa1 b _b,

C> - .
b,=ra, < & &,

CxanapHoe mpou3BeIeHHe IBYX BeKTOpOB. /[IMHA BeKTOpa.

Yroa Mexay IBYMA BEKTOpaMH

CkaXsApHBLIM NMpPOM3BeleHNeM BEeKTOPOB d(a,; a,), b(b,; b,) HaskIBA-
erca uucio d*b=a,b, +a,b,.

CxrasfipHOe IPOU3BE/eHNEe BEKTOPOB pas-
HO IPOM3BEJEHMIO UX aGCONIOTHBIX BEJUYMH
Ha KOCHHYC yriaa Mmexay Humu. O6osHa-
UMM yroJl MeKAy BeKTopaMu d U b uepes ¢
(puc. 10.5). Torga umeem:

a-b=|d||b|cos o.

CransapHBIM KBaJPaTOM BeKTOpa 4 Ha-
3bIBAETCH YHCJIO:

a?=aa=a,a,+a,a,.

Q4

Sl

Puc. 10.5
az=a

Jlamaa BeKTOpa d MoOKeT GBITH BHIUHMCJEHA IO (opMyJe:
|5|=\/Z'E=\/a1al+a2a2=\/a§+a2.
KocuHyc yria ¢ MeXAy OBYMA BEKTOpDaMH 4 X b BeIUHCIAAETCH
no gopmyae:
asb _ a,b,+a,b,
|1|B]  Va?+a3-\b3+b%
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I'naBa 10. JlexapToBbl KOOpAHMHATHI. ¥ paBHeHNA ¢uryp. BekTopsl

Kputepuii nepneHIUKYJIAPHOCTH JBYX BEKTOPOB

Ilsa BeKTOpa @ ¥ b B3AWMHO NEPIEHAMKYJIADHH B TOM U TOJBKO
TOM CcJIyuyae, €CcJH HMX CKaJiipHOoe Npou3BeleHHEe PaBHO HYJIO, T. €.
d-b=ab,+a,b,=0.

IIpoexkuusa BeKTOpa Ha OCh

IIycte m — och, a € — eé opr. Torga nmpoekmueil prmc'i JII060T0
HEHYJIEBOT'O BEKTOpa @ Ha OCh M HAa3bIBAETCHA YHCJO prma=|a|cos o,
rae ¢ = Zae (puc. 10.6).

HamnpuMmep, nmpoeknua BeKTOpa 4 Ha C

-

BeKTOop b BeIUHMCIAeTca Mo popmyJe:

prza=|d|cosp=|d]

Q1 |V}

b _ ab =a1b1+a2b2
al|B| |B]  Vbi+b]
B uacTHOCTH, NPOEKIMM BEKTOpa @ Ha

KOOpJAHHATHbIE BEKTOPHI i, j COOTBETCTBEHHO
MMeIOT BHUI:

Puc. 10.6

B3aanmHoe pacnonoxeHue puryp Ha NNOCKOCTHU

PaccrosiEue OT TOYKH (X,; Y,) A0 mpaMoii ax + by + ¢ =0 Bbruncaa-
o |ax,+by,+c|
erca o popmy.e: .
Va2 +b?

B3auMHOE pacmojioskeHHe NPAMBIX, 3aJaHHBIX OOIIMMH ypaBHe-
HUAMHU: @, x+by+c,;=0 u a,x+b,y+c,=0
1) Vcnosue nmapajienbHOCTH OpPAMBIX: a.b,—a,b, =0
2) VYciaosue nepneHAWKYJIAPHOCTH NPAMBIX: a,a,+b,b,=0
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3agauy C pelmeHUAMH

3) V¥Yroan o Mexnay IpAMBIMM MOKeT ObITh HaljeH mo ¢opmyJam:
: |a,b,— asb,| |a,a,+b,b,|

sina =——————— COS O = e

Va?+b?+yaj+ b va?+b2ya2+ b

B3aumnoe pacmosioseHHe NpAMBIX, 3aJJaHHBEIX YPaBHEHUSAMHM C YIJIO-
BEIMU Kod(ppunuenramu: y=Fk,x+b, u y=~k,x+b,
1) VYcnosue mapannenbHoctu: k, =k,
2) VYciaoBue nepneHAMKYJAPHOCTH: B k,=—1
3) VYroa o MexIy NPAMBIMM MOXKeT OBITH HalifleH mo dopmy.e:
k,—k,
tga = ’ 1+k.k,

3A0A4YN C PELLEHUAMU

10.1 Haiigure npoeknuio BekTopa d (2; 1) Ha BexTop b (1; 3).

Pewenne. Ilpoexmnueit BekTOpa Ha-
3BIBAETCH YMCJIO, ONpejefeMoe IO
dopmyne: pra=|d|cose, rae o= Zadb
(puc. 10.7).

Torma prya=|a|cos¢=|d]

b _ab_
| H*l |B]
=a1bl+a2b _ 2+3 \/7 ,—

2 1 K2
\/b1+b2 \/1+9 \fO Puc. 10.7

OrtBeT: V2,5.

10.2 YcraHoBUTe B3aMMHOE PAaCIIOJIOXKEHHE ABYX NPAMBIX:
I: 5x—-2y+7=0; m: 5x—2y+11=0.

Qy Q&

PeweHune. B HamieM ciaydae BBINOJHSETCA YCJIOBHE Iapajijieib-
HOCTH HPAMBIX: a,b,—a,b, =0. HeitcrBureasso, —10—(-10)=0,
cJIefOBaTeJIbHO, NaHHBIE IIPAMbIE NapajjejbHBEL.

OTBer: npsaMble IapaJijeibHbI.
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I'naBa 10. JlekapToBbI KOOpAHHATHI. ¥ paBHeHHUs ¢uryp. BeKkTopsl

10.3

10.4

10.5

10.6

Berumnciure KOOPAHMHATBhI TOYKH IIepece-

y4 x-y=-1
YEeHUSA IBYX IIPAMBIX, IIPEACTaBICHHBIX
Ha puc. 10.8. \
Pewenue. [lna HaX0KIeHUA KOOPAUHAT

TOUKHU IlepeceyeHuA NpAMBIX (puc. 137) 1

penIuM CHCTEMY YPaBHEHHUM:

{x-y=-1» /0 >
—x—y=-3. —x—y——‘k

PeniuM cucreMy MeTOZOM CJIOMKEHUS.

ITonyuum: —2y=-4, y=2. Iloxacras-

JAA NOJYyYeHHOe 3HAaYeHUe IIEPEMEHHOI J B IIepBOe YPaBHEHUE
cucremsnl, noayuyumM: x—2=-1, x=1. Takum o6Gpaszom, TOoukKa
IiepeceyeHUsA IPAMBIX MMeeT CJeAyIoI[re KOooOpAMHATHI: X =1,
y=2.

Puc. 10.8

OTtBer: x=1, y=2.

BEA30BbLIE SAO0AHA

yCTaHOBHTe B3aMMHO€ DpAacCIIOJIOKeHHNe OBYVX IIPpAMBIX:
I: 11x+8y+2=0; m: 11x+8y+11=0.

OTBeT: npsMble NapaJjljejbHbI.

YcraHOBHTE B3aMMHOE€ PACIIOJIOXKEeHHEe IBYX IPAMBIX:
I: x-2y+1=0; m: 2x—4y+2=0.

OTBeT: npsAMBbIe COBIAAAIOT.

BrruncauTe KOOpAMHATHI TOYKH IePECEeUYEeHHUA IBYX IIPAMBIX,
nmpencraBjieHHbIX Ha puc. 10.9.

. (3. E)
OTBer: 2
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Ba3oBrle 3amaum

4
2,5
x2+y?=4
2,5 i
0
-x-y=-2,5
Puc. 10.10

10.7 BrluncauTe KOOPAMHATHI TOUKH IepeceueHrs NPAMOM U OKPYXK-
HOCTH, IIpejcTaBJeHHbIX Ha puc. 10.10.

(5i?ﬁ: 5236);(5:d6} 5T;f7'

OTBerT:

10.8 Haitgure aauny Bextopa a(—1; 3).
OTeer: \/TB

10.9 Haiigure AIMHY BeKTOpa a=2i- 4;.
Otset: 2/5.

10.10 Haiigure yros Mmesxay BexTopamu d(—4; 5); b(1; 2).

6
V205

OTBeT: arccos
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I'naBa 10. [lekapToBBl KOOpPAMHATHI. Y paBHeHUA ¢uryp. BeKTopsl

SAOA4HUN 0114 CAMOCTOATEJIbBHOIMO PEWEHUA

10.11 YcTaHOBUTE B3aMMHOE PAaCIOJIOKEeHHEe ABYX IIPAMBIX:
l: y=2x+1; m: y=2x-35.

10.12 YcTaHOBUTE B3aMMHOE PAacCIOJIOXKEeHHWE ABYX NPAMBIX:
l: x—y—-3=0; m: —x—-y+11=0.

10.13 BeiuncanTe KOOPAMHATHI TOUKH IIepecedyeHUsA HABYX IPAMBIX,
npeAcTaBJeHHBIX Ha puc. 10.11.

10.14 BriuucinuTe KOOPAUHATHI TOYKU IEepeceYyeHus ABYX OKPYKHOCTEH,
nmpejcraBieHHbIXx Ha puc. 10.12.

Yy A
(x-2)+(y-2) =4

2
x

0 2 >

x2+y?=4
) —x—y=-3
Puc. 10.11 Puc. 10.12

10.15 Onpenenure paguMyCc OKPYKHOCTH, 3aJaHHOM ypaBHEHHEM:
(x+3)2+(y—5)2=121.

10.16 Haitgure yroa mesxnay BekTopamu a(—3; 1); b(2; 6).



rNMABA 11

TEOMETPUYHECKUNE MOCTPOEHNA
HA TMJIOCKOCTW

OCHOBHbIE TEOPETUYECKUWE CBEAEHUA
3A0A4YN C PEWWEHUAMU
BA30BbIE 3A0AYU

SAOAYN ONA CAMOCTOATENIbHOIO PEWLEHUA



OCHOBHbIE TEOPETU4ECKWE CBEOEHNA

B mixoapHOM Kypce paccMaTpPHUBAIOTCA ITOCTPOEHHA, BBLIIOJHEHHBIE

IIUPKYJEeM UM JUHeHKoii. 3ajaua Ha IOCTpPOeHHe pemiaercA B 4 arama:
aHaJIu3, IOCTPOeHHE, MTOKa3aTeIbCTBO, HCCIed0BaHUe.

K OCHOBHBIM AeliCTBUSAM, KOTOPBLIE MOXKXHO OCYIIECTBJATh C IIOMO-

IbI0 ITUPKYJIA U JUHEMKH, OTHOCATCA CJEIYIOIIHe:

1)
2)

3)
4)

1)
2)
3)

1)

2)

3)

4)

ITocTpoeHne NMpsaMoOi, IPOXOAALIeil yepe3 ABe MMEIOIIUecs TOYKH.
ITocTpoeHNe OKPYXHOCTH C IIEHTPOM B IIOCTPOEHHOII TOYKEe M pa-
IUYCOM, PABHBLIM OTPE3KY C KOHIIAMH B IIOCTPOEHHBIX TOYKaX.
ITocTpoeHue nepecedyeHUss ABYX IOCTPOEHHBLIX (QUIYP.

Bre16op s1:000ro KOHEYHOrO YMCJa IIPOM3BOJIBHBIX TOUEK, IIPUHA]-
JIeXKalluX ONHOII M3 IIOCTPOEHHBIX (UTYD.

OcHoBHBIE MeTOObI PelIeHUsA 3aJa4 HAa IOCTPOEHHEe
MeTon reomMeTpuYeCKHX MECT TOYEK.

MeTon reomeTpuuecKuX npeobpa3oBaHUM.
Anrebpandyeckuii MmeTos.

OcHOBHBIE TeOMETPHUECKHE MeCTa TOUEK

MHoOeCcTBO BCeX TOUEK IIJIOCKOCTH, VAAJEHHBIX Ha 3afaHHOE pac-
CTOSSHHE OT JAHHOM TOUYKH, — OKPYYXHOCTBH C IIEHTPOM B JAaHHOM
TOYKE W pajuycoM, PaBHBIM 3aJJaHHOMY PacCCTOSHHIO.
MHoxxecTBO BCeX TOYEK IJIOCKOCTH, PaBHOYAAJEHHBIX HA 3aJaHHOE
paccTogHNe OT JaHHOM NPAMOM, — Iapa IPAMBIX, IIapaijeIbHbIX
ITAHHOM IIPAMON, TOUYKH KOTOPBLIX OTCTOAT OT JaHHOU NPAMON Ha
3aJlaHHOEe pacCTOosHUeE.

MHO>XeCcTBO BCe€X TOYEK IIJIOCKOCTH, PaBHOYAAJEHHBIX OT JABYX
IaHHBIX MapaJjljieJbHbIX NPAMBIX, — IpAMad, NapaJjjejibHad JaH-
HBIM NPAMBIM H JeJAllas MOI0JaM BCAKHM OTPE30K C KOHIaMH
Ha 3THUX NPAMBIX.

MHOXeCcTBO BCe€X TOYEK IIJIOCKOCTH, PABHOYIZAJEHHBIX OT KOHIIOB
IAaHHOTO OTpe3Ka, — IMpaAMas, IepIeHAUKYJIAPHasaA K AaHHOMY
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OcHoOBHBIE TeoOpeTHYeCKNe CBEeONEeHHNA

5)

6)

7)

8)

11.1

OTpPe3Ky, IIPOXoafAllad 4Yepe3 ero cepeiuHy (cepefuHHBIN IepIieH-
OIUKYJIAP K JAHHOMY OTPE3KY).

MHoO»xKecTBO BCeX TOUYEK ILJIOCKOCTH, PaBHOYAAJEHHBIX OT CTOPOH
yrjia — OHcceKTpuca yrJa.

MHOKecTBO BCeX TOUYEK IIJIOCKOCTH, PaBHOYAAJEHHBIX OT IIaphl
MTaHHBIX TepeceKalolIuxcsa NMPAMbIX, — Ilapa B3aMMHO IepIeHIH-
KYJAPHBIX NPAMBIX, ABJIAIOLINXCA OHCCEKTPUCAMH YIJIOB, 006pa3so-
BAaHHBIX IIPH IIepecedyeHUuH NaHHBIX NPAMBIX.

MHO02KeCTBO BCeX TOYEK IIJIOCKOCTH, M3 KOTOPBIX HAHHBIA OTPE30K
BUJ€H II0J NPAMBIM YIJIOM, — OKPYYXHOCTb, IIOCTPOEHHAs HAa JaH-
HOM OTpe3Ke KaK Ha AuaMerpe.

MHO0XeCTBO BCeX TOYEK IIJIOCKOCTH, U3 KOTOPBIX JAaHHBIA OTPE30K
BUJIEH INOJ JaHHBIM YIJIOM, — €CTh JBe AYT'Y OKPY KHOCTEM paBHBIX
pajuycoB, ONMUPAIOHINXCA HA JAHHBIM OTPE30K (KOHIBI OTPEe3Ka He
paccMaTpHBAaIOTCH).

3A0A4YN C PELLEHNAMU

IlIocTpoiiTe cepeAUHHBIN NMEPHNEHAUKYIAP K JAaHHOMY OTPE3KY.

PeweHnune. Arnaaus. Ilycte 3azmaua pelieHa M CepeIUHHBIN Iep-
nesaukyaap KL K narHomy otpe3ky CD moctpoeH (puc. 11.1).

Puc. 11.1
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I'naBa 11. 'eomMeTpuueckue MOCTPOEHUS HA IJIOCKOCTH

11.2

OrMeTHM, YTO KaXKJas TOYKA CEPeAMHHOro neprneHAuKyasapa KL
paBHOyJajJieHa OT KOHIOB orpe3dka CD, TO ecThb NpeACTaBJIAET
co00oil mepeceueHHe JIBYX OKPYXKHOCTEMl C I[EHTPaAaMH B TOYKAax
C u D coOTBETCTBEHHO.

ITocmpoenue.

1) OxpyxkHocts 6 paguyca CD c mentpom B Touke C.

2) OkpyxkHOCTb Y paguyca CD c¢ meHTpoM B Touke D.

3) Touku K u L mepeceuenus oxpyskHocreir & u y: 8ny={KL}.
4) IIpamas KL — WMCKOMBEIH cepefVHHBIA MepIeHANKYJIAP.
Hoxazamenvcmeo. Ilpamasa KL — HUCKOMEIA cepefUHHBIN Iiep-
NeHAUKYJApP, TaKk KakK udeTblpéxyroabHMK CKDL — pom6 (mo
nocrpoeHuam 1, 2, 3), a auaroHajaun pomba B3aMMHO II€pHeHIM-
KYJAPHBI U TOYKOM IlepecedyeHUsA AEeJATCHA IOI0JiaM.
Hccenedosanue. 3amaua Bcerga mMeeT eIMHCTBEHHOE PeIlleHHE.

ITocTpoiiTe TpeyrolbHMK HaMMEHbIIEro mnepuMeTrpa IO JaHHOM
CTOPOHE a ¥ BmICOTE h,, IIPOBEIEHHOM K CTOPOHE 4.

PeweHune. Anaaus. Ilycrs 3amaua pemnrena. Touxka A mpuHan-
JIeKUT MHOXKECTBY TOYEK, pPacloJIOKeHHBIX Ha PacCTOAHMH h,
ot npamoii BC, To ecThb JEeXXHUT Ha npsamoit [/, napaanenbHoit BC
¥ OTCTOAINe OT Heé Ha paccrosinue h, (puc. 11.2).

Vod

A l

h

a

a

Puc. 11.2

3Hauenne cymmbl BC +AC+AB noaXHO OBITHP HAaMMEHBIIUM,
TaK KakK II0 YCJOBHUIO 3aJauyi MEePUMETP MCKOMOTO TPEeYroJbLHUKA
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3agayi ¢ pelIeHHAMHA

nokeH ObiThb HamMeHbINIUM. IlockoabKy aAnmHA orpeska BC mo
YCJIOBHIO 3aJlaHa ¥ PaBHA a, TO HAUMeEHBbIIIee 3HaAUYEeHHEe JOJIKHA
IpUHUMATh CyMMa JJUH ABYX ocraBmiuxcs ctropod: AC +AB. 310
BO3MOXKHO TOTJla M TOJBKO TOTJAa, Korzxa Tpu Touku B, A u C
IIpUHAAJIEXKAaT OAHOM mpsamMoi. PaccMOTpuM 0CeBYI0 CMMMETPHIO
oTHOcHUTeJbHO ocH [. O6pasdom ToukKu C IIpM CHMMETPUU SABJIAETCSA
rouxka C', Takas, uro CC' Ll u paccrosuusa or touek C u C' no
npamoit [ paBuel. PaccmorpuMm npamyio BC': npamas BC' nepe-
cekaer npamyio | B touxke A. Tak Kak Touxku B, A, C' nexart Ha
OLHOM NpaAMOM, To 3HadYeHUe cyMMul BA+AC' — HamMeHbllIee.
CnemoBaTesbHO, IOJIOMKEHHE MCKOMOM TOUKH A oIpeleeHO KaK
nepeceuenue npameix BC' u l.

ITocmpoerue.

1) JIro6aa npamas k, npuHaALJekKallasa MJIOCKOCTH IIOCTPOEHUA
(puc. 11.3).

2) JIiobaa Touka B Ha npamoiu k.

3) OxpysxHoCTh ®(B, a) c mMeHTPOM B Touke B, paamyca a.

4) Touxka C=w(B, a)Nk.

9) Ilpsamas I, ynanéunasa or npaMou Kk Ha paccrosHue h,.

6) Toura C', cumMerpuuHad Touke C OTHOCHUTEJBbHO NPAMOI [.
7) IIpamasa BC'.

8) Tourka A=BC'NI.

9) Tpeyroabank ABC — HMCKOMBII.

Puc. 11.3
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I'naBa 11. 'eomeTpuuecKue MOCTPOEHHS HA IMJIOCKOCTH

11.3

114

11.5

11.6

11.7

11.8

11.9

Hoxazameavcmeo. IlocrpoenHbiit TpeyronbHUK ABC — HCKO-
MBI¥M, TaK Kak:

1) BC=a no nyakram 3, 4 pasaena «IlocTpoeHue».

2) JInuHa BBICOTHI TPEYroJbHHKA, IPOBEJEHHOM K cTopoHe BC,
paBHa h, mo nyHKTam 5, 8 pasgena «IlocTpoenue».

3) ITocTpoeHHBIN TPEYroJbHUK SBJSAETCA TPEYroJbHHKOM HAaM-
MEHBIIIEr0 IIepUMeTpa, TaKk Kak mo nyHkKTy 6 paszgena «Iloctpoe-
uue» BC+AC+AB=BC+AC +AB.

Hccnedosanue.

3agaua Bcerga umeetr penieHue. C TOUYHOCTBHIO [0 ABMIKEHUH
ILIOCKOCTH pellleHHe — eOUHCTBEHHOe.

BEA30BbLIE SAOAHU

IIocTpoiiTe Ha JAHHOM Jiyde OTPE30K, PaBHBLIA JaHHOMY.

ITocTpoiiTe npAMYIO0, IPOXOAAIIYIO Yepe3d JAaHHYIO TOUKY M IIep-
MeHAUKYJAPHYIO HaHHOM.

ITocTpoitTe mpsiMyio, mapajjeJbHYIO NJAHHOHM NPAMOI M IIPOXO-
IAIIYIO Yepe3 MTaHHYIO TOYKY.

ITocTpoiiTe OT AAaHHOrO Jydya B JAaHHYIO IIOJIYIJIOCKOCTH YIOJ,
PaBHBIM HaHHOMY YIJy.

ITocTpoiiTe OuCCEeKTpPHCY AAHHOIO yrJa.
IlocTpoiiTe cepefuHY MTaHHOIO OTpPE3Ka.

IlocTpoiiTe TpeyroabHMUK II0 ABYM HAaHHBIM €ro CTOPOHaM U YyIrJiy
MeXOAY HUMU.
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3&21&‘114 AJdA CAMOCTOATEJNBHOI'O peIIeHHuA

11.10 IlocTpoiiTe TPeyroJbHMK IO CTOPOHE M ABYM, IIpUJEXKaIluM
K HeM yrJjam.

11.11 IlocTpoiiTe TpeyrolbHUK IO TPEM TAaHHBIM €ro CTOPOHAaM.

11.12 IlocTpoiiTe NIPAMOYroJbHLIA TPEYroJbHHUK IO T'HMIIOTEHYy3e U Ka-
TeTy.

11.13 IlocTpoiiTe NPAMOYroJbHBINA TPEYTroJbHUK I10 F'HIIOTEHY3€ M OCT-
poMy yrIJy.

11.14 IlocTpoiiTe KacaTeJlbHYIO K JAHHON OKPYXXHOCTH, ITPOXOAAIIYIO
yepe3 JAHHYIO TOYKY.

SAOAYN ONA CAMOCTOATENIbHOIO PEWWEHUA

11.15 IlocTpoiiTe nmpaBUJBLHBINA TPEYyroJbHHUK II0 JAaHHOMY paguycy
OIIMCAHHOM OKOJIO HEro OKpPyKHOCTH.

11.16 IlocTpoiiTe nmpaBUJABHBIH TPEYrOJbHHK II0 JaHHOMY paguycy
BIIICAHHON B HEro OKPY>KHOCTH.

11.17 IloctpoiiTe poM0 IO ero JaHHBLIM AHUATOHAJISAM.

11.18 IlocTpoiiTe NpAMOYroJIbHBIN TPEYrOJbHUK IO JAHHOM I'MIIOTEHY3e
M JaHHON MeJHaHe, NMPOBEeJEHHON K OZHOMY M3 KaTeTOB.

11.19 IlocrpoiiTe Tpanenuio o JaHHBLIM €€ OCHOBAHMAM M HUArOHAJIAM.

11.20 IlocTpoiiTe KBaApaT, pABHOBEJUKHUN TAHHOMY NPAMOYTrOJbHUKY.



hasa 1
148 1 149 1. 1.50 2.
1.53 4. 1.54 2. 1.55 5.
1.58 3. 1.59 2. 1.60 5.
1.63 2 1.64 3. 1.65 4.
1.68 a) 16 km; 6) 4 u.; B) 2 pasa; I % q.,
169 v=2 170 s=L
t P
Masa 2
2.36 abla—b). 2.37 567. 2.38 -3.
241 -3. 242 0. 243 -3.
246 1. 2.47 2. 248 3; 4.
2.51 1. 2.52 2. 253 1.
2.56 2. 2.57 3. 2.58 3
Masa 3
3.36 1. 3.37 2. 338 1
3.41 1. 3.42 5. 343 4
3.46 7. 3.47 0. 3.48 2,5.
3.51 3. 3.52 2. 3.53 3.
3.56 2. 3.57 5. 3.58 2.
3.59 a6 |s 3.60 6 | &
2111|3 3|1

3
3.61 1. 3.62 1. 3.63 5
365 ac(l; +00). 3.66 24; 12.

OTBETbI K SAJAYAM

0N1Ad CAMOCTOATEJIBHOIMO PELWUEHUA
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OTBeTHl K 3agadyaM s CaMOCTOATEJNBbHBIX pemenm‘fl

Fnasa 4
199

4.22 x, —%; X —g; x100=-1—g§. 4.23 x,=5; x,=23; x,,,=—602.

1 1 1
4.24 X =79 X5 T T g0) Xy T e 4.25 1. 4.26 3.
4.27 1. 4.28 4. 4.29 1; a =n. 430 2; a,=n+1.
4.31 2; 5; 8. 4.32 % 4.33 6, 18, 54; 26, 26, 26. 4.34 6 nueii.
asa 5

5.20 303600. 5.21 61880. 5.22 109620. 5.23 3024.

5.24 39. 5.25 2058. 5.26 26. 5.27 48. 5.28 385.
1 109 8 1
5.29 50. 5.302 35 5.31 357" 5.32 35 5.33 E
5.34 90; 650; 6425. 535 1. 5.36 3.
naBa 6
48
6.9 18° 162°. 6.10 15. 6.11 L 6.12 10.

6.13 VkasaHue: BOCIONB3yHTECH CBOMCTBOM CPEeAHUX JIMHHUHA TPEyroJbHHUKOB,
Ha KOTOpble MCXOAHBIN YETHIPEXYTOJbHHK pa3bnBaeTcA HMaroHaJlsaMH.

fnaBa 7
7.8 2. 7.10 32°. 7.11 3 7.12 10,625.
hasa 8
3 4 3 4 35
8.9 55 8.10 5 5 8.11 2. 8.12 12. 8.13 ﬁ
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OTBeThl K 3ajayaM AJA CAMOCTOSATEJbHBIX pelleHH:

Masa 9

On 1
9.11 8n(2+/3). 9.12 —~(2-y3). 9.13 20. 914 .. 915 18/3.
9.16 . 9.17 42. 9.18 g 9.19 8.

9.20 Yka3aHnue: BOCHIOJBL3YHTECh CBOMCTBAMH ILJIOomaneid mMomoOHBIX Tpe-
VIOJIbHHKOB M TPEYroJbHHUKOB C OOIMMU OCHOBAHHUSIMHU.

fmasa 10

10.11 npsiMble napaJljiejbHbI. 10.12 npsaMble NepHEeHAUKYJIAPHBI.
10.13 (2; 1) 10.14 (0; 2); (2; 0). 10.15 11. 10.16 90°.
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T,

KomnnekcHaa nogrotoska k T'MA no anrebpe
n reomeTpumn.

M TpéxypoBHeBas cucteMa 3agay no tuny M’A
C pelweHnaIMun, pekoMmeHgaumaMm n oTBeTamu.

JocTynHOCTb, HAarNAAHOCTb U CTPOrOCTb
mMaTepuana.

CooTtBeTctBUe PIrOC, coBMECTUMOCTb
C AeNCTBYIOWNMU y4eOHUKaMKM No anrebpe
N TeoOMeTpUn.



